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Ž .As shown by Chiang et al. 1996 , cross-phase modulation on each channel
of a wavelength-division-multiplexed transmission system can be viewed as a
phase modulation, where the modulating signal is the sum of the input
intensities of all the other copropagating channels, each filtered by a low-pass
filter, whose bandwidth decreases with the walk-off parameter. We give an
explicit expression of the impulse response of such filter in the general case
of dispersion mapped transmission systems. We show by simulation that this
filter, in intensity-modulated transmission systems, gives an optimal predic-
tion of the signal phase even when the underlying assumption of negligible
envelope distortion upon which its derivation is based is strongly violated. As
an application, we show an analytical evaluation of the spectral broadening
induced by XPM in multi-span compensated systems. Q 1998 Academic Press

I. INTRODUCTION

w xIn a fundamental paper, Chiang et al. 1 have shown that cross-phase modula-
Ž . Ž .tion XPM in wavelength-division-multiplexed WDM optical transmission sys-

tems can be modeled as a phase modulator with inputs from the intensity of
copropagating waves. Such inputs are low-pass filtered by the relative channel
walk-off induced by chromatic dispersion: the larger the walk-off, the narrower the
filter bandwidth. This model nicely explains the weak dependence of XPM on the
number of WDM channels, which has already been observed experimentally and by

w x w xsimulation in 2 . Chiang et al. 1 have extended such a model to cascades of
ideally amplified fiber links with dispersion compensation.

This paper provides a time-domain derivation of the theoretical model proposed
w xin 1 , leading to an explicit expression of the filter impulse response, both for a

single fiber span and for a cascade of amplified links with dispersion compensation.
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w xWe find that the expression of the filter phase in 1 is incorrect because of an
inconsistency in the use of Fourier transforms.

Having the correct phase expression, we show that such a filter is noncausal
when the interfering channel travels faster than the observed channel. In such a
case, the phase of the interfering channel at the detector contains information
about the future information bits of the observed channel.

We give a graphical interpretation of the filter impulse response in the case of
link-by-link dispersion compensation in a cascade of amplified links, so that the
periodic forward and backward relative walk-off becomes apparent.

Ž .For the case of intensity-modulation direct-detection IMrDD systems, we
provide simulation evidence that the model surprisingly holds even though the
assumption of negligible envelope distortion upon which its derivation is based is
strongly violated. In other words, we find that the modulation induced on the
optical field phase by XPM is nearly independent of the distortion induced on the

Ž .intensity of the optical field by group velocity dispersion GVD . This is due to the
above-mentioned low-pass filtering effect of chromatic dispersion-induced channel
walk-off on XPM.

An an application of the filter impulse response, we give an analytical evaluation
of the spectral broadening induced by XPM in multi-span compensated systems.

The paper is organized as follows. Section II provides the derivation of the filter
impulse response for a single link, while Section III extends it to the general case
of dispersion-compensated cascades of amplified fiber links. Section IV presents
simulation results providing evidence that the model holds even in the presence of
strong intensity distortion due to group velocity dispersion. Section V shows
simulation and theoretical results on spectral broadening induced by XPM. Finally,
Section VI concludes the paper.

II. SINGLE SPAN

We consider a WDM system composed of one span of single-mode optical fiber,
with N copropagating channels having the same polarization.

The nonlinear Schrodinger equation describing the propagation along the z axis¨
Ž . w xof the complex envelope A z, t of the generic channel s, s s 1, . . . , N, is 3s

­ A z , t 1 ­ A z , t aŽ . Ž .s sq q A z , tŽ .s­ z ¨ ­ t 2g s

22s yjg A z , t A z , t q 2 A z , t , 1Ž . Ž . Ž . Ž .Ýs s p
p/s

where ¨ is the group velocity of channel s, a is the attenuation coefficient, g isg s

the nonlinearity coefficient and the summation is extended to the set of channels
� 4 Ž .p s 1, . . . , N : p / s . The two terms on the right-hand side of 1 give rise to

Ž . Ž .self-phase modulation SPM and XPM, respectively. The yj term in 1 appears
w xbecause of the engineering definition of Fourier transforms 3 . A qj term appears

w xwhen using the physicist notation 4 .
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Ž .Note that the contributions giving rise to four wave mixing FWM have been
omitted from the right-hand side of the equation. Thus we suppose we are working

w xwith high local GVD, as common in dispersion mapping 5, 6 , to effectively
suppress FWM.

Ž .Note also that on the left-hand side of 1 we have neglected the higher order
Ž .time derivatives of A z, t , which cause the GVD-induced distortion of thes

Ž .envelope. It is only under this assumption that Eq. 1 can be solved exactly, giving

A z , t s A 0, t y zr¨ eya z r2e ju sŽ z , t . , s s 1, . . . , N , 2Ž . Ž .Ž .s s g s

w xwhere the signal phase is 1

2
z

u z , t s u y g L z A 0, t yŽ . Ž .s 0 eff s ž /¨ g s

2
z z

ya z 9q2 A 0, t y q d z9 e dz9 , 3Ž .Ý H p s pž /¨0 g sp/s

Ž . Ž ya z.where u is the initial phase, and L z s 1 y e ra is the effective length of0 eff

the fiber. The two terms in the squared brackets represent SPM and XPM,
respectively.

y1 y1 w xThe coefficient d s ¨ y ¨ , D Dl 4 is the walk-off parameter be-s p g s g p c s p

tween channels s and p, where D is the dispersion coefficient of the fiber andc

Dl is the wavelength distance between the two channels.s p
w xThis is the case studied in 1 in the frequency domain, using sinusoidally

modulated signals. Here we proceed instead in the time domain.
Ž .With the variable change t s yz9d , the term related to XPM in 3 can bes p

rewritten as

21 z0XPM w a Žt r d .xs pu z , t s y2g A 0, t y t y e dt . 4Ž . Ž .Ý Hs p ž /d ¨yd zs p g sspp/s

Ž .The above variable change has a physical meaning: integrating in 3 in the space
Ž .domain is equivalent to integrating in the time domain that part of the A 0, tp

Ž .interfering signal which crosses the reference signal A 0, t during the propaga-s

tion over the distance z. The relative walk-off between the s and the p channels is
w xd srm , so that the integral in the time domain has to be extended over as p

< < Ž .duration d z, as in 4 .s p
Ž .In 4 we recognize the convolution integral

z
XPMu z , t s y2g P 0, t y m h t , 5Ž . Ž . Ž .Ýs p s pž /¨ g sp/s
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Ž . < Ž . < 2 Ž .where P 0, t s A 0, t is the input power of signal p and h t is the impulsep p s p
Ž .response of a linear filter h t , which, for both d ) 0 and d - 0, is given bys p s p s p

1 t q d zr2s pa Ž tr d .s ph t s e Ł , 6Ž . Ž .s p ž /< < < <d z ds p s p

tŽ . < <where we have used the rectangular function Ł J 1 for t - tr2, and zerot

outside.
Ž .In Fig. 1 we plot the impulse response h t , for both d ) 0 and d - 0. Notes p s p s p

Ž .that when d ) 0, h t is noncausal. This should not be a surprise, since the ps p s p
Ž .signal travels faster than s, so that during propagation u z, t is affected by thes

future bits of the p signal.
Ž .The peak of h t near the origin is due to the fact that the p channel iss p

attenuated during propagation, so that the XPM effect is stronger at the beginning
Ž . Ž .of the interaction. When the fiber has no attenuation a s 0 , h t reduces to as p

Ž . Ž .rectangle. In the case of no channel walk-off d s 0 , we have h t ss p s p
Ž . Ž . XPMŽ . Ž .L z d t , so that we obtain the well-known formula u z, t s y2g L zeff s eff

Ž .Ý P 0, t y zr¨ .p/ s p g s
Ž .The Fourier transform of the impulse response 6 is

`
yŽ ayjv ds p. z1 y e

yj v tH v s h t e dt s . 7Ž . Ž . Ž .Hs p s p a y jv dy` s p

Its squared magnitude and phase are, respectively,

ya z 21 4e sin v d zr2Ž .s p2 2< <H v s L z 1 q 8Ž . Ž . Ž .s p eff ya z2 1 y eŽ .1 q v d raŽ .s p

sin v d z v dŽ .s p s p
/ H v s arctg q arctg . 9Ž . Ž .s p a z ž /ž /cos v d z y e aŽ .s p

Ž .FIG. 1. Impulse response h t in both cases of positive and negative walk-off parameter.s p
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Ž . w x Ž .Equation 8 agrees with the result in 1 . However, 9 gives the correct
Ž . w xexpression for the phase, while expression 10 of 1 is incorrect.

Ž . Ž ŽFirst, it is has a typo and should read f s yarg ya q iv d q arg y 1 y12
ya L Ž .. ya L Ž .. Ž .e cos v d L q ie sin v d L , which agrees with 9 here.12 12

w x Ž .Second, there is an inconsistency in 1 : the authors start with a version of Eq. 1
w xderived according to the physicists’ notation for Fourier transforms 4 , and later

w Ž .xthey use 1, Eq. 16 the engineer’s notation, as we do here. This is why our
Ž .expression for f in 9 matches with their f. However, in the physicists’ notation,

the correct expression is yf.
Ž .From 8 we immediately get the 3-dB bandwidth B when the fiber length z isw

2Ž .long. In such case the sin can be neglected and by inspection we see that
< <B s ar d . In the limit d ª ` only the DC power component is passed by thew s p s p

filter, so that no XPM is observed.
Figure 2 plots the 3-dB bandwidth B , as a function of Dl , for two typicalw s p

values of dispersion.
Since B quickly decreases with Dl , more distant channels are more filteredw s p

and give a lower contribution to XPM. This justifies the experimental observation
w x2 that XPM does not increase linearly with the number of channels N.

III. CASCADE OF AMPLIFIED LINKS

In this section we analyze XPM in the general case of a system composed of
M y 1 amplifiers, and M links, as in Fig. 3. We suppose that the mth amplifier has
gain GŽm. at the pth wavelength, so that the channel power, after the mthp

Ž . w Ž . yŽ a m lm.x Žm.amplifier, is P L , t s P L , t e G , where a and l are the atten-p m p my1 p i i

FIG. 2. 3-dB bandwidth B s ar2p D Dl versus channel spacing Dl , for a s 0.21 dBrkm andw c s p

dispersion D s y2 and 17 psrnmrkm.c
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FIG. 3. Top: M concatenated amplified fiber links. Bottom: impulse response in the absence of
compensation.

uation coefficient and the length of the ith link, respectively, and L J Ým l .m is1 i

The total fiber length is L s L .M
Ž .Since, as seen in 3 , XPM is given as an integral over the link span, by the

linearity of the integral the total XPM at the end of the link can be written as

M
XPM XPMu L, t s u l , t , 10Ž . Ž . Ž .Ýs s i

is1

XPMŽ .whre u l , t is the XPM contribution over the ith link.s i
Ž .In this section it is convenient to write 5 in a time reference moving with

velocity ¨ ,g s

u XPM l , t s y2g P 0, t m hŽ i. t , 11Ž . Ž . Ž . Ž .Ýs i p s p
p/s

Ž . Ž .where the superscript i indicates the dependence of the impulse response h t ,s p
Ž . Ž i.defined in 6 , on the length, walk-off, and attenuation parameters l , d , a of thei s p i

ith link.
XPMŽ . Ž . Ž1.Ž .The XPM at the end of the first link is u l , t s y2g Ý P 0, t m h t .s 1 p/ s p s p

The XPM contribution of the second link is

u XPM l , t s y2g P l , t m hŽ2. tŽ . Ž . Ž .Ýs 2 p 1 s p
p/s

s y2g eya 1 l1GŽ1.P 0, t q l dŽ1. m hŽ2. tŽ .Ž .Ý p p 1 s p s p
p/s

Ž2. Ž2. Ž1.s y2g P 0, t m C h t q l d , 12Ž . Ž .Ž .Ý p p s p 1 s p
p/s

where C Ž2. J eya 1 l1GŽ1. is the power gain at the beginning of the second link.p p
Ž .From 12 we see that the XPM contribution of the second link can be seen

Ž .again as a linear filtering of the same input function P 0, t . The linear filter is asp
Ž . Ž1. Ž2.in 6 , but translated in time by l d and multiplied by the constant C .1 s p p
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Ž .In general, the XPM contribution of the mth link m s 1, . . . , M is

u XPM l , t s y2g P L , t m hŽm. tŽ . Ž . Ž .Ýs m p my1 s p
p/s

my1
Žm. Žm. Ž i.s y2g P 0, t m C h t q l d , 13Ž . Ž .Ý Ýp p s p i s pž /

p/s is1

where the effective gain at the beginning of the mth link is C Žm. J Łmy 1 eya i l iGŽ i.,p is1 p

and C Ž1. J 1.p
Ž . XPMŽ .By 10 , the total XPM at the end of the Mth link is then u L, t ss

ˆŽ . Ž .y2g Ý P 0, t m h t , where the overall filter impulse response isp/ s p s p

jy1M
Ž j. Ž j. Ž i.ĥ t s C h t q l d . 14Ž . Ž .Ý Ýs p p s p i s p½ 5ž /

js1 is1

Ž .In Fig. 4 we show a block diagram implementing 14 . The equivalent filter for
channel p is indeed a parallel bank of filters.

For example, consider the simplified case C Ž j. s 1, ; j, i.e., the gain GŽ j. of thep p
Ž .jth amplifier exactly compensates the loss of the preceding j y 1 st fiber link.

Suppose furthermore that the links have the same length, attenuation, and walk-off
}l s l, ; j, a s a , ; j, dŽ j. s d , ; j} so that we drop the dependence of h onj j s p s p s p

j.
In this case, the total overall impulse response simplifies to

My1

ĥ t s h t q kld 15Ž . Ž .Ž .Ýs p s p s p½ 5
ks0

Ž .FIG. 4. Graphical interpretation of Eq. 14 .
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and taking Fourier transforms

My1
jv k l d s pĤ v s H v eŽ . Ž . Ýs p s p ½ 5

ks0

sin Mv ld r2Ž .s pjv l d ŽMy1.r2s ps H v e 16Ž . Ž .s p ž /sin v ld r2Ž .s p

w xthe same result obtained in 1 .
Ž .Equation 14 is extremely general. It can be used for any type of multistage

system, with any amplifier gain profile, with any kind of compensating scheme.
ˆ Ž .In Fig. 3 we show an example of h t in the case of a noncompensated system,s p

composed of M identical links, when the amplifiers exactly compensate the fiber
loss. The overall impulse response is just the sum of the M shifted copies of the

Ž .basic filter 6 .
In Fig. 5 we show the case of a compensated system with imperfect compensa-

tion, composed of M s 4 identical spans of transmission fiber, each followed by a
span of compensating fiber of opposite dispersion and an amplifier to exactly
recover the span loss. The figure shows the individual contributions of each fiber
segment to the overall impulse response. As opposed to Fig. 3, note that here the
Ž .identical contributions of the transmission fibers are partially overlapping, be-
cause of the backward relative walk-off achieved by the compensating fibers, which
brings the s and p channels back aligned, although not exactly. In this example the
responses of the compensating fibers are noncausal. The compensating fibers,
when placed at the end of each transmission span, give typically only a small

ˆ Ž .contribution to the overall filter response h t and thus can be safely neglected.s p

In the case of a perfectly compensated M-span system, neglecting the contribution
ˆ Ž1.Ž . Ž .of the compensating fibers at each link, we obtain h t , Mh t , so that thes p s p

XPM effect is M times larger than that of a single link.

FIG. 5. Individual fiber contributions to the overall impulse response of an imperfectly compen-
sated system. The overall response is the sum of those shown.
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IV. SIMULATIONS

We wanted to check how sensitive the results of the present model are when the
underlying assumption of undistorted field envelopes used to derive the model is
violated.

In Figs. 6 and 7 we show the results of computer simulations, performed by the
w xsplit-step Fourier method 4 .

Simulations are carried out for a multi-span WDM system, with 10 spans, 2
channels, and 3 mW peak power per channel, of the compensated type depicted in

Ž . Ž .Fig. 5. One of the channels pump is on]off keying OOK modulated with raised
Ž .cosine pulses with roll-off 0.5, at a bit rate R s 10 Gbrs, while the other probe is

unmodulated.
Figure 6 refers to a system in which at each span the transmission fiber is a

Ž .nonzero dispersion fiber NZDF , with dispersion D s y2 psrnmrkm and length
Ž .l s 85 km, and a standard single-mode fiber SMF with D s 17 psrnmrkm and

l s 10 km is used for span compensation. Other parameters common to the two
fibers are dispersion slope D9 s 0.07 psrkmrnm2, nonlinear coefficient g s 2.34
Wy1 kmy1, attenuation a s 0.21 dBrkm.

FIG. 6. Simulations of a NZDF compensated system, R s 10 Gbrs, M s 10 spans. Left column:
Ž .Dl s 0.1 nm. Right column: Dl s 1 nm. Top row: Pump power mW . Bottom row: phase of probe

Ž .signal rad . Time is normalized to the bit time 1rR.
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FIG. 7. Simulations of a SMF compensated system, R s 10 Gbrs, M s 10 spans. Left column:
Ž .Dl s 0.1 nm. Right column: Dl s 1 nm. Top row: Pump power mW . Bottom row: phase of probe

Ž .signal rad . Time is normalized to the bit time 1rR.

Figure 7 refers to a system in which the transmission fiber is SMF, with l s 76
km, D s 17 psrnmrkm, D9 s 0.07 psrkmrnm2, g s 2.35 Wy1 kmy1, a s 0.21

Ž .dBrkm, and a dispersion compensating fiber DCF with l s 13.6 km, D s y95
psrnmrkm, D9 s 0.07 psrkmrnm2, g s 5 Wy1 kmy1, a s 0.6 dBrkm, is used
for compensation.

In both figures, the wavelength of exact compensation is halfway between
Ž .channels. The figures show both the power of the pump top and the phase of the

Ž .probe bottom at the end of the system. The pattern ‘‘1101111’’ is visible in the
pump intensity. In the phase plots, the theoretical predictions of the model,

Ž .obtained by 14 , are shown in bold dashed lines. The right column refers to a
system with channel spacing Dl s 1 nm, while the left column refers to a system
with Dl s 0.1 nm. In both cases, the pump intensity distortion induced by GVD is
quite evident. For the 1 nm spacing case, the match between theory and simula-
tions is excellent. This is due to the low-pass filtering effect connected to GVD-in-
duced channel walk-off.

For example, in Fig. 6 for 1-nm spacing the XPM filter bandwidth, as seen from
Fig. 2, is B s 3.85 GHz, which is enough to mildly smooth out in the probe phasew

the original 10 Gbrs NRZ pump modulation and to substantially filter away from
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Ž .the modulating intensity the GVD-induced high-speed phase-to-intensity PMrIM
fluctuations.

1 c'w xIn fact, the peak frequencies of the PMrIM spectrum are 7 f s n ,'p l 2 LD

where c is the speed of light and n s 1, 2, . . . . In our case, the lowest peak is at
f s 19 GHz.p

The 0.1-nm spacing case was selected to show how small the walk-off should be
for the low-pass filtering not to be effective, although our simulations take into
account only SPM and XPM, and not FWM, which in this case may be the
dominant impairment.

For example, in Fig. 6 for 0.1-nm spacing the XPM filter bandwidth is 10 times
larger than before, B s 38.5 GHz, so that the NRZ probe modulation is passedw

with little distortion, while the high-speed PMrIM fluctuations are a little less
suppressed than in the previous case.

In Fig. 7 we first note that the shape of the phase is reversed, since in the
SMF-compensated case the sign of dispersion and thus of walk-off is reversed. The
conclusions we reach about the effectiveness of filtering are similar, although the
discrepancy between model and simulation is larger. This seems at first sight
surprising, since the walk-off in the transmission fiber is larger with a dispersion of
17 psrnmrkm.

However, although the filtering is better, the intensity fluctuations due to
PMrIM conversion at the time points perturbated by XPM and SPM have
substantial frequency components below 10 Gbrs. In this case in fact we get the
lowest PMrIM peak at f s 7 GHz. Such components are not filtered by walk-offp

and account for the larger error in the model.

V. APPLICATIONS

ˆŽ . Ž .The explicit expression 14 of the impulse response h t is fundamental tos p

analytically evaluating the transmission impairments induced by XPM in multi-span
Ž .systems. Here, we use 14 to give an evaluation of the spectral broadening due to

XPM in multi-span compensated systems.
Ž .Ž .Suppose A 0, t p s 1, . . . , N is an OOKrNRZ modulated signal, of the formp

Ž . Ž . Ž .A 0, t s P 0 B 0, t , where P 0 is the signal mark power at the transmitter,' Ž .p s s s
Ž . ` Ž . Ž .and B 0, t s Ý a k p t y kT y d is the OOK modulating signal at thes ksy` s s

Ž .fiber input, where a k is a sequence of independent random variables takings
Ž .value 1 for mark and 0 for space with equal probability, p t is the supporting

pulse, T is the bit time, and d is a random delay uniformly distributed betweens
w x w xyTr2, Tr2 . It is shown in 8 that the autocorrelation of the output stationary

Ž . Ž .process A z, t in Eq. 2 iss

R t s P z ? R t ? R t , 17Ž . Ž . Ž . Ž . Ž .A s s XPMs

Ž .where P z is the signal mark power at the receiver,s

1 t
R t s 1 q L 18Ž . Ž .s ž /4 T
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tŽ .is the contribution of the OOKrNRZ modulation, L being the triangularT

w x Ž .function 9 , and R t is the XPM contribution. In the case of a large numberXPM
XPMŽ .N of input channels, the distribution of the random phase process u z, ts

becomes approximately Gaussian, so that we can write

R t s eys 2Žt .r2 , 19Ž . Ž .XPM

2Ž . w Ž . Žwhere s t is the variance of the process y2g Ý B 0, t y B 0, t yp/ s p p
ˆ.x Ž . Ž .t P 0 m h t . This variance can be analytically calculated and has a ratherp s p

w xcomplicated but closed form 10 . This computation requires explicit knowledge of
Ž .the impulse response 14 .

Ž .The power spectrum, i.e., the Fourier transform of 17 , has been compared with
computer simulations. Figure 8 shows the results for an 8-channel NZDF-com-
pensated system with M s 5 spans. The system parameters are those of section IV.
The only differences are the bit rate R s 2.5 Gbrs, and the channel spacing
Dl s 0.4 nm. In the figure both the simulated and the analytically calculated
power spectrum of the 4th channel are plotted, together with the input OOK
spectrum. We can note a very good match between the simulation results and the
analytical ones.

VI. CONCLUSIONS

In future high-speed IMrDD WDM transmission systems with appropriate
dispersion management, after FWM has been properly suppressed, the main cause
of eye closure and thus of system degradation will be the two remaining nonlinear
Kerr effects, SPM and XPM.

It is thus important to be able to accurately predict XPM, in order to estimate its
local perturbation of the compensation of dispersion, which gives rise to the
residual intensity distortion and thus eye closure.

This paper has given a time-domain derivation of the very important model for
w xXPM presented in 1 . A simple and very general expression for the impulse

response of the XPM filters in the model has been presented.

FIG. 8. Simulations of a NZDF compensated system, N s 8, R s 2.5 Gbrs, M s 5 spans, Dl s 0.4
nm.
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While such filters are obtained in the assumption of undistorted field intensities
on all channels, simulation results show that the model still accurately predicts the
XPM even in the presence of strong intensity distortion.

This unobvious result implies that the modulation induced on the optical field
phase by XPM is nearly independent of the distortion induced on the intensity of
the optical field by group velocity dispersion.

This is true in the cases shown here, bit rate 10 Gbrs and wavelength spacing
larger than 0.1 nm, M s 10 spans of about 90 km each, for both an NZDF and an
SMF compensated system.

The model clearly holds for higher bit rates, as the XPM filter bandwidth is
independent of the bit rate. For the same systems at a lower rate, we have to
increase the number of spans to much larger M to observe a comparable distortion
on the intensity. However the phase error between theory and simulation should
remain small as in the 10 Gbrs case, since the rapid fluctuations due to PMrIM
conversion get filtered as effectively as in the 10 Gbrs case.

Finally, as an application of the theory, we have shown that the spectral
broadening induced by XPM can be accurately predicted.
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