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Analysis of the Automatic Frequency Control
in Heterodyne Optical Receivers

Alberto Bononi, Pierpaolo Ghiggino, and Giorgio Picchi, Member, IEEE

Abstract— A theoretical analysis of the automatic frequency
control (AFC) in binary DPSK and FSK heterodyne optical
receivers is presented and its impact on the system performance
is evaluated. The effects of the shot-noise AM/FM conversion
in the frequency discriminator are analyzed. It is shown that
with commercial DFB lasers a common analysis of the frequency
control loop can be done for the three modulations considered.
Design guidelines are given that account for the presence of the
AFC loop by properly using some performance results derived in
the assumption of perfect frequency tracking.

I. INTRODUCTION

EMICONDUCTOR lasers used in coherent optical com-
Smunications suffer from a frequency noise [1]-[3] whose
spectral density has two main components: 1) a high-frequency
flat or white component, which has the effect of broadening the
spectral linewidth of the emitted field, and 2) a low-frequency
flicker component which causes a slow drift of the spectrum
itself.

Optical heterodyne systems with noncoherent demodulation
are robust against the degradation due to the white component
[4], [5], but need an automatic frequency control (AFC) loop
to keep the heterodyned spectrum within the passband of the
intermediate frequency (IF) stages. Without any frequency
control, the flicker component causes the IF spectrum to
drift away from the center of the IF passband, thus causing
distortions, fading, and possibly the complete loss of the signal.

This paper analyzes on a common basis the AFC design and
its effects on the receiver performance for three binary mod-
ulation formats with noncoherent demodulation, i.e., DPSK,
narrow-deviation FSK and wide-deviation FSK. The form and
impact of the shot noise on the AFC tracking ability is also
investigated. In Section II a model of the receiver is given.
Section III contains the AFC loop analysis, with focus on the
main design parameters. In Sections IV and V the theoretical
system bit-error-rate (BER) degradation as a function of the
AFC parametes is derived for DPSK and FSK receivers,
respectively. Conclusions are drawn in Section VI
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Heterodyne receiver with general AFC scheme.

Fig. 1.

II. RECEIVER MODEL

A general scheme of a heterodyne receiver including the
AFC loop is drawn in Fig. 1.

Since angle modulation only is considered in this paper, the
optical received signal is expressed by

r(t) = /2Ps cos[27 frt + 07 (t) + P (1)] 1)

where 67(t) is the phase noise of the transmitting laser, Ps
is the received optical power, and ¢,,(t) is the digital angle
modulation.

The local laser oscillator generates the optical signal

I(t) = /2Py cos2m frt + 0L (t) + pc(t)] 2

where P, is the optical power, 61 (t), is the phase noise, and
¢.(t) is a control phase driven by the AFC loop through an
electrical signal c(¢). If the control characteristic of the laser
is ideal, as assumed here, the control phase is

oe(t) = QWKC/O c(u)du 3)

where K. is a constant depending on the laser drive. The
received and the locally generated optical beams are mixed in
a coupler and the resulting field is converted into a current by
a photodiode. The IF is an ideal, bandpass filter centered at
fir & fr — f1, with bandwidth Brr, that does not affect the
signal. The voltage at the output of the IF filter is then

s(t) = Veos[2m fit + O1r (1) — ¢e(t) + dm (D] + w(t) (4)
where V is the signal amplitude

V =221 R/PLPs  (volt) )

Z1r is the IF stage transimpedance, R the photodiode respon-
sivity, 01r(t) £ 67(t) — 01 (¢) is the IF phase noise and w(t)
is the shot noise generated in the photodetection process.

The time derivative, divided by 2, of the phase noise
process O1r(t) is the corresponding frequency noise process
which will be denoted by nr(t) and assumed as a zero-mean
Gaussian process [3].
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In shot noise limited condition, the shot noise w(t) in (4) is
a zero-mean additive Gaussian process, with spectral density
Sw(f) flat on the IF bandwidth

Sw(f) = (qRPL)Z{[Gpie (f ~ fir) + Gy (f + fir)] (6)

where ¢ is the electron charge and Gp,,. (f) is a normalized
gate centered at zero frequency, extending from — Byr/2 up to
Bir /2. From (5) and (6) we obtain the IF signal-to-noise ratio

v2/2 RPs
SNR £ = .
28.(fir)Bir  ¢Brr

The spectral density Sy, (f) of the frequency noise at the
IF filter output can be found from the spectral density of the
same noise at the IF filter input, by using some resuits from
[6], [7] on the effect of filtering on the frequency noise. The
following one-sided model will be used for S,,,,.(f) [8]:

Sninlf) = {AV/W +K/f for f < Bip/2 )

0 elsewhere

where Av is the 3-dB linewidth of the IF unmodulated
spectrum and K is the flicker noise coefficient, ranging from
10! to 10" Hz? for semiconductor lasers [8]. The model is
acceptable for Brr > Av [6].

III. AFC LoOP ANALYSIS

All the AFC schemes considered in the paper require the
modulation to be removed from the IF signal. Since the way
of removing the modulation depends on the modulation format
itself, the general scheme of Fig. 1 specializes into one of
the forms shown in Fig. 2 accordingly. The instantaneous
frequency of the cosine term in (4), with modulation removed,
is

fie + nip(t) — Kee(t) 8)

where ¢(t) is the control signal generated in all the schemes
by a hard-limiter/frequency-discriminator followed by a low-
pass loop filter F'(f). It is evident from (8) that a closed-loop
frequency error in tracking fir can be defined as

e(t) & nip(t) — Kec(t). )

Note that ¢(¢) has low-frequency components only, while
nir(t) has both low- and high-frequency components, i.e.,
flicker and white respectively. Goal of the AFC is to track
the low frequency component of njg(¢) only. The untracked
component has the effect of broadening the IF spectrum.

The variance o2 of the tracking error e(t) is a key parameter
to determine the BER in FSK receivers and to judge the overall
goodness of the AFC loop. This variance will be evaluated by
integrating its spectral density S.(f) obtained by solving the
AFC loop equation.

With modulation removed, the passband IF signal (4) can
be expressed in its Rice expansion with respect to wig, using
(8) and (9), as

s(t) £ Re[s()e!] = Re[(V e + a(t) )errr'] (10)
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Fig. 2. (a) DPSK receiver with AFC scheme. (b) ND-FSK receiver with
AFC scheme. (¢) WD-FSK dual branch heterodyne receiver with envelope
detection.

where a(t) 2 27 fot e(u) du, w(t) is the complex envelope of
the shot noise process w(t), and 3(¢) is the complex envelope
of s(t), that can be also written as

() = [V + ' (t)]e?>® (11)

where

@' () 2 ). (12)
Writing the term in square brackets in (11) in its magnitude
and phase gives

V +a@'(t) = B(t)e’*® (13)

where ¢(t) and E(t) are real. The IF complex envelope then
becomes

5(t) = E(t)edle®+v®], (14)
An ideal limiter-discriminator centered at wyr outputs a signal
proportional to the derivative of the argument [a(t) + ¥(t)] of
3(t), divided by 2, i.e., to the instantaneous frequency offset
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Fig. 3. (a) AFC loop block diagram, including the generation of the shot
noisc AM to FM conversion n(t). (b) AFC loop as an estimator of nyp(t)
affected by n(t).

from the discriminator center frequency. This signal can thus
be written as

y(t) = Kale(t) + n(t)] (15)
where
n(t) £ %f) (16)

is the shot noise AM-to-FM conversion in the discriminator.
The loop equation is then easily written from (9), by observing
that c(t) is a filtered version of y(#). Therefore

e(t) = np(t) — [e(t) + n(t)] @ f(t) a7

where ® indicates convolution, f(¢) is the impulse response
of the loop filter F(f), and K., K, have been adsorbed into
f(t). Assuming that at steady state all the processes in the loop
are wide-sense stationary, the spectral density of both sides of
(17) is obtained

Se(f) = C1{f)Snip () + C2(f)Sn(f) (18)
where S,,(f) is the spectral density of n(¢) and
a1 | a| _FU) [
Ci(f) = TTF | Ca(f) = TR 19)

Since F(f) is usually low-pass, Cy(f) is high-pass and
Cy(f) is low-pass. The frequency error is then composed of
the high-frequency part of nir(t) and of the low-frequency
part of n(t).

Two block diagrams representing (17) are given in Fig. 3.
Fig. 3(a) shows the AFC loop and the blocks that gener-
ate n(t). Fig. 3(b) shows the AFC loop as an estimator of
the input np(t) disturbed by n(t). The function H(f) 2
F(f)/(1+ F(f)) is the closed-loop transfer function of the
AFC and its 3-dB bandwidth B, is the closed-loop bandwidth.
Note that, since |H(f)|* = Ca(f), the shot noise component
in (18) is filtered directly by H(f).
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To find S.(f) from (18) a loop filter F'(f) must be specified
and an expression of the spectral density S, (f) must be found.

The first component of S.(f), i.e., S, (f), has the typical
1/f low-frequency behavior. Therefore a finite value of o2
can be obtained only if the product Ci(f)Sn,(f) remains
integrable as f approaches zero. The simplest filter satisfying
this condition is the ideal integrator, i.e.,

Bcl
F(f)= 0
() I (20)
and consequently
__ __Bi
Giu(f) = B Ca(f) = By @

The form of the second component of S.(f), i.e., Sn(f),
depends on the modulation format. In Appendices A and B,
S, (f) is evaluated for the various schemes under consideration
and it is shown that, in the assumption

Av s B}
T Bir(SNR)
the contribution of S,(f) can be neglected. This allows a

simplified common analysis of the AFC loop based on the
assumption

Se(f) = Cr(f) Sy (f)

that reduces e(¢) to a simple Gaussian process.
Based on (22), the one-sided expression of Se(f) for the
ideal integrator loop filter is obtained from (7) and (21)

i av | K >
sapz{mlim ¥+ F] r<Bee
0 f> Bip/2
This is plotted in Fig. 4 for various values of the closed loop

bandwidth B.;. Choosing for the loop filter a more realistic
first-order low-pass filter

22)

(23)

Gol
1+ 5(f/Ba1)

of dc gain G, and bandwidth By, the coefficients C; and
Cy become

F(f) = 24

B2 +f2
C — ol
D= (s nBr T 7
2
CZ(f) — (GolBol) (25)

(G +1)Ba)” + 2
For high gain G, > 1 the closed loop bandwidth is then
Bcl = GolBol-

A plot of S.(f) in the approximation (22), using the coeffi-
cients (25), is given in Fig. 5 for a fixed value of B,.

As G, gets higher and B, gets smaller, the curves tend to
match the ideal integrator curve better and better, as expected.
Therefore the ideal integrator will be the only filter considered
in the analysis.
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Fig. 4. Closed loop frequency error spectral density for several values of
closed-loop bandwidth B and ideal integrator loop filter F'(f). Drop at
By /2 not shown (Bip > 200 MHz).
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Fig. 5. Closed loop frequency error spectral density for fixed closed loop

bandwidth B.; = 7 MHz and first order low-pass loop filter F'(f) for two
pairs of open loop bandwidth-gain (B, Go)).

Integration of S.(f) in (23) yields, for Bir > Bq

o? = % (Brr — 7rBd):| + K ln(fé;) .

In Fig. 6 a plot of the closed-loop error frequency rms—square
root of (26)—versus the closed loop bandwidth is given for two
pairs (K, Av) of the input frequency noise parameters.

Although the system bit error rate depends on o2 as a whole,
each term of (26) will now be analyzed for a better insight.

Without AFC, the variance due to the white component
would be [4]

(26)

2 A AIIBIF
(0@ = —_— .

. 2
white,o 21 ( 7)
The AFC has usually a narrow bandwidth B,; and does not
track much of the white component. Thus, in the presence of
the AFC, the variance due to the white component is
Av AI/BIF
27

2

(BIF —7By) for Bir > B,.

2 A
Owhite =

797
35
— 34 4
B
= 13
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Fig. 6. AFC: closed loop frequency error r.m.s. for an ideal integra-

tor loop filter. IF bandwidth 140 MHz.

The “fast” white component originates the lorentzian-like
lineshape of the unmodulated IF spectrum. The effect of the
“slow” flicker component is to make the lineshape slowly
drift in the optical frequency domain. The effect can be
directly observed by monitoring the signal at the output of
the frequency discriminator. Due to the finite bandwidth of
real discriminators, the rms of this signal is mainly due to the
square root of the second term of (26), i.e.,

Brr
KIH(QBd) .

For a standard value of K = 1012 Hz2, oo is of the order of
a few megahertz even with values of B, as low as 10 Hz [13].

This AFC loop analysis has been carried out assuming that
the modulation has been perfectly removed from the IF signal.
In Appendix B it is shown how this removal can be practically
implemented for the various modulations considered and what
the actual spectra are. It is found, however, that the results
are, in all cases, quite close to the simplified analysis given
in this section.

(28)

a4
Oslow =

IV. DPSK PERFORMANCE EVALUATION

As shown in Fig. 2(a) a delay demodulator is used to
demodulate the IF DPSK signal s(t) given in (B.1).
It is shown in [9] that the system BER can be expressed as
a function of both the IF SNR and the variance 03, of the
Gaussian phase noise wander over the symbol interval T
t
A&%%/ e(u) du (29)
t—T
where e(t) is the closed-loop frequency error process in (9).
Fixing BER = 1079, the corresponding values of the IF
SNR versus Af. give the sensitivity curve shown in Fig. 7.
To evaluate GQA,,E from (29), observe that Ag, can be seen
as a convolution between a gate T seconds long and e(t).
Therefore

(1)

oo -2
0%, =14 / 5:(6) = (30)
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Fig. 7. DPSK Sensitivity for BER = 10~° versus phase error variance.

In DPSK the IF bandwidth equals the bit rate R. In the
assumption Bir = R > B, and using (23) for S.(f) in (30),
we get the approximation

or\? R/2 AvB.
olg. 0k, + (%) [Kln( B/1 ) - —"23—1] 1)

where

Bip /2 ,
52 sy / Av sin?(7 fT)
Abwhice T

0

7 df = 1.54 éﬁﬁ (32)
is the open-loop variance due to the white component only.
Computation of (30) with typical parameters shows that the
main portion of 03, is 03, , and that the difference
(046, —93,,...) is in the range 10~° to 10~ rad®. Comparing
these values with the typical values of Uio‘ in Fig. 7 shows
that an increase of the variance due to the nonwhite component
results in little degradation of the sensitivity.

In this evaluation the IF signal distortion due to the residual
“vibration” of the signal spectrum within the IF bandwidth
has been neglected. This is because typical values for the
rms of the residual low-frequency drift are in the range of
a few megahertz, which is much less than the IF bandwidth.
In fact from (31) and Fig. 7 it is clear that DPSK coherent
systems require linewidths Av/R < 0.01 to have a sensitivity
degradation of less than 1 dB. Since commercial DFB lasers
have linewidths Ay in the range 10 to 50 MHz, this imposes
bit rates R > 1 GHz and, as a consequence, IF bandwidths
of the same order.

V. FSK PERFORMANCE EVALUATION

Garrett and Jacobsen use a model in [4] and [11] to evaluate
the performance of both wide- and narrow-deviation FSK
(WD-FSK and ND-FSK, respectively). As a result, curves of
the BER versus the variance of the frequency noise at the IF
filter output (at the detection filter output in the case of WD-
FSK) are given. Considering the white component only of the
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Fig. 8. Equivalent linewidth for Garrett and Jacobsen data. Ideal integrator

loop filter, IF bandwidth 140 MHz.

laser frequency noise, this variance is shown to be

2 AV*BIF

oty = =5 (33)

where Av* is the IF linewidth. In the WD-FSK case Bir must
be interpreted as the bandwidth Bp of the bandpass filters
(BPF) in Fig. 2(c).

Equation (26) gives the same variance in the presence of
an AFC. By equating (26) and (33) and solving for Av*, an
equivalent linewidth is found which can be used, instead of
the true linewidth Aw, to find the performance in the presence
of an AFC by using the curves available in [4], [11].

The equivalent linewidth is

;ﬂ ‘iKln(BIF/Q) _ AI/BCl:I (34)

Av' =Av+ —
IF B 2

A plot of Av* versus the closed loop bandwidth is given in
Fig. 8.

Using Av instead of Av* when designing an FSK receiver
may result in a penalty due the presence of the AFC. For
example, in WD-FSK systems the main parameter to be
optimized to minimize the effects of the nonzero linewidth is
the IF bandwidth expansion. In the final design, an optimum
expansion factor must be chosen for an “effective” linewidth
Av* instead of the smaller Av. The penalty that results if the
bandwidth expansion is not chosen in this way, can be seen
from Fig. 9. Here the same curves as in Fig. 10 of [4] are
given for a WD-FSK receiver.

In the case of an IF linewidth Av = 24 MHz, (Av/R =
0.17 at R = 140 Mb/s), the design for the minimum penalty,
neglecting the flicker noise, would suggest an IF bandwidth of
237 MHz. If the actual flicker coefficient is K = 4-10'2 Hz?,
and the receiver has an AFC of bandwidth B, = 50 Hz,
the chosen bandwidth would give a penalty of 2.5 dB with
respect to the true minimum. This can be reached choosing a
267 MHz bandwidth, which is the optimum value found using
the effective linewidth Av*/R = 0.19 evaluated from (34).
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Fig. 9. WD-FSK receiver sensitivity (for BER = 10~°) as a function of
detection bandwidth for R = 140 Mb/s [after Fig. 10 in [4]]. The penalty
incurred when the AFC presence is neglected in the design is pointed out.

Fig. 10. Complex plane diagram of (13).

VI. CONCLUSIONS

An analysis of the automatic frequency control in coherent
heterodyne optical systems has been given. In these systems,
the tracking of the laser frequency noise is disturbed by shot
noise AM-to-FM conversion in the frequency discriminator.
Neglecting this disturb, a common analysis of the loop can
be done. The approximation is justified by the use of com-
mercial semiconductor DFB lasers, which feature linewidths
between 1 and 50 MHz, and flicker factor K in the range
10! to 1012 Hz?. If the linewidth Av is decreased in the KHz
range, then the frequency noise contribution due to the shot
noise—and to the electronic noise—in the AFC loop becomes
more important, especially at low signal to noise ratios. In this
case a simulation of the loop can be done to check the various
spectra in the loop.

In heterodyne schemes, the intermediate frequency is often
chosen higher than 1 GHz. Thus classical frequency dis-
criminators, such as the Foster-Seeley, cannot be used any
more. For our purposes, a simple non-linearity giving FM-
to-AM conversion can do the job; to this end, a delay line
discriminator is usually employed.

After discrimination and modulation removal, the process-
ing in the AFC loop is done at very low frequency and the
design is thus a simple matter. However, care must be taken
to allow sufficient IF bandwidth expansion to accommodate
the residual “vibration” of the IF spectrum. This fact can
be of some importance for IF bandwidths narrower than
say 100 MHz, where the residual rms of some MHz is not
negligible. With presently available semiconductor lasers, the
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DPSK modulation must be operated at bit rates exceeding
1 GHz, with IF bandwidth of the same order, and the AFC
design is not a problem. With WD-FSK modulation, where
lower rates and thus lower IF bandwidths are possible, we
have shown the penalty that can be incurred if a nonoptimal
bandwidth expansion is chosen. Similar results can be obtained
for the ND-FSK case, again taking advantage of the method
of Garrett and Jacobsen, using the results given in [11] and
our formula (34).

APPENDIX A

In this appendix the term S, ( f) and its effects on S, ( f) will
be considered. In Fig. 10 a diagram of (13) on the complex
plane is given. When the IF SNR is high, V > |&/(t)| and
thus (16) can be approximated as
1
2rV
where w/, is the quadrature component of w(t). This means

1(¢) is almost everywhere small (<1 rad) and the FM click
rate is negligible. Taking the power spectrum of (A.1) yields

f? Suwr(f)

(SNR)Bir Sz(0) ~

n(t) = wh(t). (A1)

2
su(h)2 L= a2
The second equality follows by making use of (5) and (6).
The spectrum of @’(¢) in (12) will now be considered. Two
simplifying assumptions will be made and then relaxed. As-
suming first that «@(¢) and a(t) are independent processes, the
spectrum of @'(t) is the convolution of two terms

Sar(f) = Sa(f) ® A(S)

where Sw(f) is the spectrum of w(t), in this case a real gate
of height 4¢R P1, Z%, and A(f) is the spectrum of the process

(A3)

M) & emialt) = =927 Jy etwdu (A4)
This is recognized as a frequency modulation. If, as a second
assumption, e(t) is zero-mean normal, the above spectrum is
[10]

A(f) = FIEA(T)]| = e (A5)

[ _var[g(rn]
where F indicates the Fourier transform. Since af(t) is the
convolution of e(¢) with a gate 7 seconds long, its variance is
given in (30), with T replaced by 7.

When the term Ci(f)Sn,.(f) dominates in S.(f), the
two above assumptions hold, and the shape of A(f) can be
obtained analytically. Fig. 11(a) shows A(f) using an ideal
integrator as the loop filter (23), for various values of the
closed-loop bandwidth B, and a low value of the linewidth
Av = 7 MHz. Fig. 11(b) is for a large Av value.

A Lorentzian of bandwidth Av/2, corresponding to the
case S.(f) = %, is also shown in Fig. 11 as a reference.
Since A(f — fir) is the spectrum of the IF signal when no
modulation is applied, this means that, with the AFC locked,
on a spectrum analyzer the IF spectrum will appear completely
fixed when Av is as large as 100 MHz, while it will move from
scan to scan when Av is less than 10 MHz. The actual drift
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Fig. 11, Unmodulated IF beat spectrum with AFC locked for various values
of the closed loop bandwidth. For large linewidths the spread is minimum.

will be in both cases of & some megahertz. An explanation
of this fact is given in (28).

When the term Co(f)S,.(f) is not negligible in S.(f), the
spectrum S, (f) depends on itself through (A.2), (A.3), and
(A4). Although an analytical evaluation is not possible, still
some considerations can be made. Assuming for simplicity
that w!.(t) and w/(t) are uncorrelated, then

Sus(f) = 5 Sar(f) 46)

([ ‘z’:((g ] ® A(f)). (A7)

If an ideal integrator is used as the loop filter, then the loop
equation (18) with the coefficients (21) can be rewritten by
factoring the f2 term in S,(f)

f?
W Snu—‘ (f)
B21 Siv(f)
= AK . Ao8
iz 5] ©40) ] o9

A(f) integrates to one, as j:c A(f)df = E[N0)] = 1. If
A(f) is far narrower than the gate S;(f), then most of its
energy is inside the band of the gate and its convolution

and therefore
f2
(SNR)Brr

Sn(f) = 5

Se(f) =

+
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Fig. 12. Frequency noise with AFC locked and unlocked. Second-order loop
filter.

with the gate will have a flat part of height S;(0) at low

frequencies, and will then fall down at higher frequencies.

Otherwise, even the top level of the convolution will be

less than S;(0). It is then enough to check the two-sided

white level of S,,,., Av/2m, against the top level of the shot

component, i.e., B%/(2SNRBr). When
Av B2

— >

T (SNR)Bir (A-9)

the contribution of the shot noise can be neglected. For small
values of the closed loop bandwidth and typical values of the
IF linewidth for commercial semiconductor lasers, condition
(A.9) is always met. If w,(¢) and w/(¢) are correlated, a
heavier notation must be used, but the quantitative results are
still valid.

If the high SNR approximation does not hold, a white term
arises in Sy, (f), due to the FM clicks, that tends to dominate.

It is worth mentioning that the use of higher order filters in
the loop can lead to a fairly different behavior. For instance,
the use of a second-order loop filter can create a resonance in
the coefficients C'y(f) and Ca(f). This causes the closed-loop
frequency error Se(f) ~ C1(f)Sn,:(f) to dominate over the
open loop Sy, .(f) in the frequency range corresponding to
the resonance. This accounts for the experimentally observed
hump in S.(f) in the AFC loop of the FSK system reported in
[14] and shown in Fig. 12. The same hump can be observed
in [12].

APPENDIX B

In this appendix it is shown how the modulation is removed
in the various schemes under analysis. The similarities with the
unmodulated case treated in Appendix A will be stressed in
each case.

A. DPSK

Refer to Fig. 2(a). In the case of binary DPSK (4) can be
written as

s(t) = Vm(t) cos[2m firt + a(t)] + w(?) (B.1)
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where m(t) = 3, aip(t —iT), a; € {1,~1}, p(t) is a NRZ
impulse T seconds long and

at) =2 du. .
(6 =2 [ etwdu ®2)
Expanding w(t) in its Rice components yields
s(t) = [m(t)V + wi(¢)] cos[2n firt + a(t)]
— wh(t)sin27 fipt + a(t)]. (B.3)

In the DPSK receiver, the modulation is removed by cas-
cading a square-law device and a bandpass filter centered at
2 fir.

The signal x(¢) at the filter output (see Fig. 2(a)) is

z(t) = E(t) cos[2(27 firt + (t)) — ¥(t)]

where

(B4)

2m(O)V +wi)wi) |
(m(OV -+ wr(0)” - wh (1)’

P(t) = arctan (B.5)

The limiter-discriminator yields a signal y(¢) proportional to
the offset of the instantaneous frequency of (B.4) from 2 fip

y(t) = 2K4le(t) - n(0)] (B.6)
where the shot noise contribution is defined here as
h(t
n(t) 2 0N (B.7)

%

In high IF SNR conditions, it is V > wi(t), w}(t), w.(t),
w! (t) for most of the time; thus from (B.5)

n(t) = ﬁ (m(&)wl () + wim(t)). (B.8)
The power spectrum of (B.8) is found to be
2
Sulf) = 15 (Sus(5) @ Sml) (B)

where S,,(f) is the spectrum of the modulating PAM signal
m(t). Using (5) and (6) as before, and (A.3) and (A.6), gives

(SN]:)BIF { [ g:((é)) ] BAfe SM(f)}'
(B.10)

Su(f) = 5

This is the same as in (A.7) except for the convolution with
S, (f), which has little effect on the low-frequency part of
Su(f). For DPSK we use Av/R « 1 and an IF bandwidth
equal to the bit rate R. Thus A(f) is far narrower than the
gate S (f) and their convolution is very close to Sy (f) itself.
A plot of (B.10) is given in Fig. 13(a) and (b) in linear and
log-log scale.

We note that the low-frequency part of the curve can be
approximated by a parabola of equation

Sa(f) = 0.77 f*

2(SNR)Bp || < Br/2.

(B.11)
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g. 13. DPSK: Spectral density of the shot noise contribution to the
frequency noise n(t) in both linear (a) and log-log scale (b).

The floor for f — oo is due to the NRZ assumption.
Actually, the m(t) NRZ signal is IF filtered. It is easy to
verify that, considering this filtering, the floor disappears.

B. Narrow-Deviation FSK

The scheme is shown in Fig. 2(b). Here the modulation is
swept off by the loop filter itself.
In this case (4) gives for the IF signal

s(t) = Vcos{2r fipt + a(t)} + w(t) (B.12)
where
a(t) = ae(t) + an(t)
o (t) & 27 /t e(u) du
0
m 2 ™ t d
g (t) =2 /0 m(u) du
and the PAM modulation is
m(t) = (moR/2) Y aip(t —iT),  ai€ {1,~1}.

K3

p(t) is a NRZ impulse T' seconds long; mq is the modulation
index, R = 1/T is the bit rate. Equation (B.12) can be recast
as in (11), using (13). The output of the limiter-discriminator
is then

y(t) = Kale(t) + m(t) + n(t)]

where n(t) has the same form as in (16). In high SNR
conditions the same formula (A.2) is obtained. The only
difference is in the form of Sy (f). Equation (12) can be
written here as

w'(t) = @(t)e—jae(t)e-jam(t)'

(B.13)

(B.14)

If the spectrum of m(t) is outside the AFC bandwidth, e(t) is
little affected by m(t)—which means no pattern dependency
on e(t) is present—and «.(t) can be assumed independent of
am(t). The spectrum of W/(t) then becomes

Sw(f) = Sa(f) @ Ae(f) ® Am(f) (B.15)
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Fig. 14, ND-FSK modulation (a) Normalized w/ spectrum for various
values of Av/R. (b) Spectrum of n(t) for various values of Av/R.

where A.(f) is the spectrum of A.(t) = exp(—ja.(t)), the
same as A(f) in Appendix A, and A,,(f) is the spectrum of
Am(t) = exp(—jam(t)). Using an NRZ PAM signal, with
integer and even modulation index my, it can be shown that
(10]

EAn(r)] =
(1 - ﬁl) cos(mmoRT) + = (;:n(:f &< (B.16)
5 cos(wmqRr) Iml>T

For mg > 4 the sin(-) term in (B.16) can be neglected and
the Fourier transform of (B.16) simplifies to

=i 22
bl =)
5o ) o

where §(-) is the Delta function and Sa(z) £ sin(z)/z.

Again assuming A.(7) is real, then A.(f) is even and
Sw(f) = % Sa(f). A plot of Su;(f)/Sao) is given in
Fig. 14(a), where e(t) is evaluated neglecting n(t). A plot of
Sn(f) as in (A.2) is given in Fig. 14(b). For low frequencies,
this curve is approximated by a parabola

f2 Sw’s(o)
(SNR)Bir  S3(0)

where from Fig. 14(a) it is seen that the ratio [Sys(0)/5:(0)]
is of the order of 1 for all values of Av/R. Therefore for low
frequencies S,,( f) in (B.18) is essentially the same as in (A.2).
Again the floor is due to the NRZ assumption in m(t).

Sn(f) = |fl < Bir/2 (B.18)

C. Wide-Deviation FSK

The double-branch envelope detected wide-deviation FSK
scheme is shown in Fig. 2(c). To drive the AFC loop, the IF
signals s; and s2 out of the two detection bandpass filters
(BPF) of bandwidth Bp, are sent to two limiter-discriminators
centered around the two nominal heterodyned frequencies
fi and f,, and the two output signals y; and y» are then
summed. The crossed boxes in the picture indicate squelch
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circuits. Thus, when frequency f is sent, an error signal
from discriminator 1 and—ideally—zero signal from the other
channel are summed. The reverse is true when fy is sent.

The signal s(t) out of the front-end (F.E.) is the same as
in (B.12). Neglecting the crosstalk between the two branches,
the two BPF filtered signals can be expressed as

$1(t) = ook(t) Vicos{2m fit + a(t)} + wi(t)
(B.19)
$2(t) = 00k(t) Vacos{2m fot + a(t)} + wa(t)

where
¢

at) = 27r/e(u) du

0

wy and wy are independent Gaussian processes, white on the
BPF bandwidth Bp; ook(t) = 3, a;ip(t —iT); a; € {1,0};
p(t) is a NRZ pulse T-seconds long filtered by the lowpass
equivalent of the BPF; ook(t) is the filtered version of the
boolean complement of the NRZ stream in the other channel.

s1(t) and s5(t) are ON-OFF signals plus noise. Splitting w1 (¢)
and wq(t) in their Rice components w,, ws,, We,, Ws, With
respect to the whole argument of the cosine in (B.19), the
expression for s1(¢) and sp(t) during their ON bit can be
compacted as

si(t) = Ei(t

wi, ()
1[),‘ (t) = arctan |: m :l

yeos[2m fit + a(t) — ¢i(8)] i=1,2

(B.20)

The signal y(¢) out of the discriminator can be written
y(t) = Kqle(t) — n(t)] (B.21)
where

(2 20
; ¢1(t) when a; =1
v = { Po(t) when Zl =0.

In high SNR conditions, when signal is present in the two IF
bandpass filters, the AM-to-FM conversion of the shot noise
can be approximated as

1 .
~ W, (
ey = { 7 D
vy War(2)
If the two demodulation branches are identical, then V; =
Vo = V; also w), , w), and w , w,, have the same statistics.
This further approximation can be made in this case

Wy (t)

where w/(t) is an equivalent process, with same statistics as
w;, (t) and wl, (¢).

Expression (B.23) is the same as (A.1). Therefore (A.2)
applies here too. By is now the demodulation bandwidth Bp.

(B.22)

t) whena; =1
when a; = 0.

n(t) & — (B.23)
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