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a b s t r a c t
In this paper, we address the problem of localizing sensor nodes in a static network, given that the
positions of a few of them (denoted as “beacons“) are a priori known. We refer to this problem as “autolocalization.” Three localization techniques are considered: the two-stage maximum-likelihood (TSML)
method; the plane intersection (PI) method; and the particle swarm optimization (PSO) algorithm. While
the ﬁrst two techniques come from the communication-theoretic “world,” the last one comes from the
soft computing “world.” The performance of the considered localization techniques is investigated, in a
comparative way, taking into account (i) the number of beacons and (ii) the distances between beacons
and nodes. Since our simulation results show that a PSO-based approach allows obtaining more accurate
position estimates, in the second part of the paper we focus on this technique proposing a novel hybrid
version of the PSO algorithm with improved performance. In particular, we investigate, for various population sizes, the number of iterations which are needed to achieve a given error tolerance. According
to our simulation results, the hybrid PSO algorithm guarantees faster convergence at a reduced computational complexity, making it attractive for dynamic localization. In more general terms, our results
show that the application of soft computing techniques to communication-theoretic problems leads to
interesting research perspectives.
© 2014 Elsevier B.V. All rights reserved.

1. Introduction
The problem of locating sources in an indoor environment can
be addressed by using wireless sensor networks, which combine
low-to-medium data rate communications with positioning capabilities. As a matter of fact, radio signal exchanges between pairs of
nodes allow estimating the distance between them, by extracting
from these signals some physical quantities, such as the received
signal strength, the angle of arrival, or the time of ﬂight [1]. In this
way, under the assumption of perfect knowledge of the exact positions of a sufﬁciently large number of nodes, a new one can be
located by measuring and properly processing its distances from a
few nodes with known positions.
Since wireless communications are affected by errors, the
obtained positions will not be precise. The main sources of errors
in indoor communications are phenomena such as non-line-ofsight propagation, multipath, and multiple access interference. In
order to obtain more accurate position estimates by reducing the
impact of these sources of errors, we consider ultra wide band
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(UWB) signaling between nodes, because (i) UWB signals’ large
bandwidth allows penetrating through obstacles and resolving
multipath components and (ii) their high time resolution improves
the ranging capability [2]. A time difference of arrival (TDOA)
approach, based on the differences between the arrival times of
signals, is used to estimate the distances between pairs of nodes.
Indoor node localization has applications in many ﬁelds, such
as, for example, tracking of people in high security areas and of
patients in hospitals. Another scenario of interest involves the
location of “tags” in large warehouses, where it can be assumed
that many static nodes are placed on the ceiling: the knowledge
of their positions would allow locating and tracking moving
people and/or vehicles. In order to guarantee accurate position
estimates of a moving target in every accessible point inside a
large warehouse, a very large number of accurately positioned
static nodes would be necessary. Moreover, if the geometry of the
warehouse changes (e.g., for varying quantities of stored goods),
the nodes might be replaced and/or new ones might be added.
Accurate placement of a huge number of nodes would thus be very
demanding also from an economic point of view. For this reason, it
is interesting to focus on the auto-localization of the static nodes,
assuming to know the exact positions of only a few of them, which
will be denoted as “beacons.” Then, the other nodes would “learn”
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their positions starting from the beacons: eventually, all static
nodes would self-localize and then cooperate to localize (possibly
moving) tags. The number of beacons should be small, in order to
reduce the cost of installation, but sufﬁciently large to guarantee
reliable position estimates of other static nodes, which is necessary
to properly use them to locate moving targets. In this work, we
investigate self-localization in UWB networks.
Among the wide variety of location estimation techniques which
have been proposed in the literature, it is worth recalling iterative methods, such as those based on Taylor series expansion
[3] or the steepest-descent algorithm [4], graph-based methods
[5], or methods based on metaheuristics [6]. To overcome some
limitations of these methods, closed-form algorithms have been
studied, such as the plane intersection (PI) method [7] and the
Two-stage maximum-likelihood (TSML) method [8]. Both these
methods deal with solving linear or non-linear systems of equations, whose data contain the coordinates of beacons and the
range estimates between them and the current tag. In some particular cases (for instance, if the considered beacons lay on the
same line), the matrices involved in the aforementioned algorithms
might become ill-conditioned, thus leading to a wrong position
estimate of the current tag. To avoid this kind of problems, it is
possible to re-interpret the “geometric” localization problem as a
minimization one. In this paper, by re-formulating the initial system of equations of the TSML method in terms of an optimization
problem, we solve it through the use of particle swarm optimization (PSO). Direct comparison of the performance of a geometric
method (i.e., the PI or the TSML methods) with that of the PSO
algorithm shows that the latter can signiﬁcantly outperform the
former.
In [9], we compare the performance of the TSML method with
that of the PSO algorithm in terms of the impact of the distances
between beacons and nodes. In [10], we investigate the performance of the TSML method, the PI method, and the PSO algorithm
was investigated, in a comparative way, for various numbers of
beacons. In this paper, we extend the preliminary investigation of
[9,10]. In particular, we consider a larger number of topologies,
analyzing the performance of the TSML, PI, and PSO methods for
various conﬁgurations in terms of number of beacons and distances
between beacons and nodes. As predicted by the preliminary analysis in [9,10], our results show that the PSO method is to be preferred
regardless of the network conﬁguration (number of beacons and
topology).
We then propose a novel improved version of the PSO algorithm, which extends the hybrid approach proposed in [11], and
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we compare its performance with that of the standard PSO algorithm. In particular, we investigate the number of iterations which
are needed to achieve a given error tolerance in the position estimate. Our simulation results show that the proposed hybrid version
of the PSO algorithm guarantees, at a signiﬁcantly reduced computational complexity, the fastest convergence in all considered
scenarios, making it very attractive from an applicative viewpoint.
This paper is organized as follows. In Section 2, the considered
scenario is described. In Section 3, the positioning algorithms are
described and simulation-based performance results are presented.
In Section 4, a hybrid version of the PSO algorithm, with improved
performance, is proposed. Section 5 concludes the paper.
2. Scenario
As anticipated in Section 1, all considered static nodes are supposed to lay, at the same height, on the ceiling of a large indoor
environment. A sufﬁciently large (but still limited) number M of
these nodes, denoted as “beacons”, is used to estimate the position
of each remaining node (with unknown position). The coordinates of each beacon are represented by bidimensional vectors
si = [xi , yi ]T , ∀i ∈ {1, . . ., M}, and we denote as Ki the norm of vector si , ∀i ∈ {1, . . ., M}. All the other nodes are estimated one after
another. The true position of the currently considered node is
indicated as ue = [xe , ye ]T , while the obtained position estimate is
T

denoted as ûe = [x̂e , ŷe ] . Following this notation, the true and the
estimated distances between the ith beacon and the considered
node are, respectively:



ri =



T

(ue − si ) (ue − si ),

r̂i =

T

(ûe − si ) (ûe − si ).

According to the results on UWB signaling presented in [12], we
assume that the estimated distances can be expressed as follows:
r̂i = ri + i
where i = εi + b; εi ∼N(0, i2 ); εi is independent from εj if i =
/ j (i,
j ∈ {1, . . ., M}); and b is the synchronization bias. Moreover, the
standard deviation  i of the distance error estimate between the ith
beacon and a generic node can be approximated as the following
linear function of the distance between them:
i = 0.01ri + 0.08.

(2)

The values of the coefﬁcients in Eq. (2) are obtained in [12]
by considering Channel Model 3 described in [13] and the energy
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Fig. 1. Two possible conﬁgurations of nodes inside a square, with 10 m long side: (a) almost uniform norm distribution; (b) nodes laying on circumferences.
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detection receiver presented in [14], which is composed by a bandpass ﬁlter followed by a square-law device and an integrator, in
which the integration interval was set equal to Ts = 1 s. Therefore,
the results presented in the following hold under these channel and
receiver conditions.
As stated at the beginning of the current section, the reference
scenario is a large industrial scenario, whose area may be of several hundreds of square meters. Assuming to divide the whole area
into smaller squares, with 10 m-long sides, and that in each square
the same number of beacons is considered, without loss of generality we only refer to a single square in the simulation-based
performance analysis presented in the following. Two illustrative
conﬁgurations of the distribution of the nodes inside a square are
shown in Fig. 1(a) and (b).
3. Positioning techniques
In this section, we describe two classical geometrical approaches
widely used to tackle localization problems, namely the TSML
method and the PI method [7,8]. The initial system of equations
of the TSML method is then rewritten as a minimization problem,
which is solved by means of the PSO algorithm. Finally, the performance of the three approaches is compared, through simulations.
For the sake of simplicity, we preliminarily introduce the following notation:
1i  ri − r1

∀i = 2, . . ., M.

ˆ 1i  r̂i − r̂1 ,
and 

(3)

2

Observing that ri2 = (1i + r1 ) , ∀i ∈ {2, . . ., M}, the following
TDOA non-linear system of equations can be derived [15]:
ˆ = ĥ
Ĝ 

(4)

1

where
x2 − x1

⎜
⎜ x3 − x1
⎜
Ĝ = − ⎜
⎜ ..
⎝ .

y2 − y1

ˆ 12


y3 − y1

ˆ 13


..
.
yM − y1

xM − x1



⎛ 2
ˆ2
K1 − K22 + 
⎟
12
⎟
⎜
1⎜
⎟
..
⎟ , ĥ = 2 ⎝
.
.. ⎟
⎠
.
2
2
ˆ2

⎞
⎟
⎟
⎠

K1 − KM + 1M

ˆ 1M




G  = h

(6)

2

where

⎛
2 T


ˆ ] − x1 ) , ([
ˆ ] − y1 ) , [
ˆ ] ] ,
h = [([
1 1

1 2

+ s1

3.2. Plane intersection method
According to the PI method, introduced in [7], any triple of beacons (which leads to a pair of TDOA measurements) identiﬁes the
major axes of a conic, a focus of which is the position of the source.
Given at least two triples of beacons, the position estimate can
then be determined by solving the system given by the equations
of the corresponding axes. By considering the axes identiﬁed by
{s1 , s2 , sk }, k ∈ {3, . . ., M}, the system can be written as
Â ûe = b̂

(7)

where

⎛

ˆ 13 − (x1 − x3 )
ˆ 12
(x1 − x2 )

⎜ (x1 − x2 )ˆ 14 − (x1 − x4 )ˆ 12
⎜
⎜
.
Â = ⎜
.
⎜
.
⎜
⎝ (x1 − x2 )ˆ 1M − (x1 − xM )ˆ 12

ˆ 13 − (y1 − y3 )
ˆ 12
(y1 − y2 )

⎞

⎟
⎟
⎟
⎟
.
.
⎟
.
⎟
ˆ
ˆ
(y1 − y2 )1M − (y1 − yM )12 ⎠
ˆ 14 − (y1 − y4 )
ˆ 12
(y1 − y2 )

(8)

ˆ 1,i+2 (
ˆ 12 
ˆ 1,i+2 − 
ˆ 12 )+(K 2 −K 2 )
ˆ 1,i+2 − (K 2 − K 2 )
ˆ 12 .
b̂i = −
1
2
1
i+2
The LS solution of (7) is then given by
T

ûe = (Â Â)

−1 T

Â b̂.

(9)

The starting point for the TSML method is system (4). Through
simple algebraic manipulations, this system can be rewritten as
B ûe = t̂

1 3

1

G = ⎝ 0

1

0

1

(10)

x2 − x1

y2 − y1

⎜ x −x
⎜ 3 1

y3 − y1

⎝

..
.

..
.

xM − x1

yM − y1

⎞

⎛

r̂22 − r̂12 + K12 − K22

⎟
⎜ r̂ 2 − r̂ 2 + K 2 − K 2
⎟
⎜
1
3
⎟ , t̂ = ⎜ 3 1
⎟
⎜
..
⎠
⎝
.
2 − r̂ 2 + K 2 − K 2
r̂M
M
1
1

ûe = argminu F(ue )

2

2 T

 = [(x̂e − x1 ) , (ŷe − y1 ) ] .
2

⎞
⎟
⎟
⎟.
⎟
⎠
(11)

Note that with the new formulation (10), the measurements
affected by noise only appear in vector t̂, while matrix B only contains known parameters. Instead of solving directly the system
(10), we reinterpret it as an optimization problem, with solution
ûe expressed as:

where the ﬁtness function F(·) is the following:

⎞

1⎠,

⎛

B = −2 ⎜
⎜

2

(x̂e − x1 ) + (ŷe − y1 ) . The solution of system (4) is found in two
steps. All the details of the algorithm can be found in [15] and, for
the sake of simplicity, we only give a few hints. First, the system (4)
is solved as if it was a linear one, by using the least square (LS) techˆ has been obtained, in order to take into
nique. Once the solution 
1
account the relation between x̂e , ŷe , and r̂1 the following system is
derived:

2

2 2

1

where

T

2

2 1

T

ˆ ]
[

3.3. A swarm intelligent approach

⎞

ˆ = [û , r̂1 ] .
and 
e
1
The system (4) may look like a linear system in the three
unknowns x̂e , ŷe and r̂1 , but it is not, since, by deﬁnition, r̂1 =
2



ˆ − s )].
where U = diag[sgn(
1

(5)
T

ˆ ] ,
[

ue = U

and the ith element of b̂, ∀ i{1, . . ., M − 2}, is

3.1. Two-stage maximum-likelihood method

⎛

System (6) is then solved, once again, by means of the LS techˆ is used to obtain the ﬁnal position
nique, and the solution 
2
estimate of the target, which can be expressed as follows:

(12)
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F(ue )  ||t̂ − B u||.

(13)

Among all possible optimization algorithms which could be
used to solve (10), we now consider the PSO algorithm, originally
introduced in [16]. We remark that the use of soft computing techniques for the localization of nodes in WSNs has been already
proposed in the literature [17,18].
According to the PSO algorithm, the set of potential solutions of
an optimization problem can be modeled as a swarm of particles,
whose positions are randomly initialized in the region of interest,
and which are guided towards the optimal solution by exploiting
“social interactions” among themselves. In the following, the size of
the swarm is denoted as S. It is assumed that every particle i in the
swarm, at each iteration step t (t ∈ {0, 1, 2, . . . }), is associated with
a position xi (t) (within the region of interest) and with a velocity
vi (t), which are both randomly initialized, at the beginning, with
values xi (0) and vi (0) and which are updated at each iteration [19].
Moreover, it is supposed that the entire system has a global memory, which allows each particle to know, at every instant, not only
its own best position (according to the lowest value of the ﬁtness
function (13)) reached so far, but also the best position among the
ones reached by any other particle in the swarm. Each particle also
keeps track of the values of the ﬁtness function in correspondence
to both its best position and the global best position. All these values are used to iteratively update the velocity and the position of
every particle. The updating rule for the velocity of particle i is [20]

vi (t + 1) = ω(t)vi (t) + c1 R1 (t)(yi (t) − xi (t)) + c2 R2 (t)(y(t) − xi (t)),
i ∈ {1, . . ., S}

(14)

where ω(t) is a weight called inertial factor; c1 and c2 are positive
real parameters called cognition parameter and social parameter,
respectively; R1 (t) and R2 (t) are independent random variables uniformly distributed in (0, 1), whose realizations are drawn at each
iteration step. Finally, yi (t) and y(t) are the position of the ith particle with the best objective function and the position of the particle
with the best (among all particles) objective function reached until
instant t, respectively. For the considered minimization problem
(12), these positions can be expressed as follows:
y(i) (t)

= argminz∈{x(i) (0),... x(i) (t)} F(z)

y(t) = argminz∈{y(1) (t),... y(S) (t)} F(z).

(15)

The rationale behind the updating rule (14) is to add to the velocity at the previous epoch (which is weighed by a multiplicative
factor) a stochastic combination of the direction to the best position of the ith particle and to the best global position. The deﬁnition
of the velocity given in (14) is then added to the current position, in order to update the position of the corresponding particle,
according to the rule
xi (t + 1) = xi (t) + vi (t + 1),

i ∈ {1, . . ., S}.

(16)

This process is iterated until a stopping criterion (such as
achieving a satisfactory value of the ﬁtness function or reaching
a maximum number of iterations) is met. The solution of (12) will
then correspond to the position of the particle which best suits the
optimization requirements in the last iteration.
In order to obtain the simulation results presented in Section 3.4, the PSO algorithm has been implemented in Matlab with a
population of S = 40 individuals and with a stopping condition corresponding to 50 PSO iterations. We consider c1 = c2 = 2, in order
to make both the averages of the weights for social and cognition
contributions equal to 1. The initial positions of all the particles
are randomly initialized over the entire region of interest, namely
a square with 10 m-long sides. The choice of the inertial factor
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ω(t) deserves some more comments. From (14), it can be observed
that this parameter quantiﬁes the ability of the swarm to explore
new areas. More precisely, a relatively large value of ω(t) improves
the exploitation ability of the swarm, which is a good feature to
avoid local optima in optimization problem. Since, however, we
are considering a convex problem (i.e., a problem without local
minima), we can ignore this parameter and, unlike [9,10], we set
ω(t) = 0, as proposed in [21]. This choice, besides accelerating the
speed of convergence, also reduces the computational complexity
of the algorithm. As a matter of fact, since the ﬁrst addend at the
right-hand side of (14) is not considered, there is no need to initialize and deﬁne velocities, and the updating rule for the positions of
the particles becomes:
xi (t + 1) = xi (t) + c1 R1 (t)(yi (t) − xi (t)) + c2 R2 (t)(y(t) − xi (t)),
i = 1, . . ., S.

3.4. Results
We compare, through simulations, the performance of the aforementioned algorithms, considering the impact of (i) the number
of beacons and (ii) the distance between beacons and nodes. All
the simulation results presented throughout the paper have been
obtained by using a Matlab simulator, in which we have implemented the two geometrical localization methods and the PSO
algorithm. The Matlab implementation follows strictly the theoretical operational principles of the considered algorithms (no ad-hoc
simulation tools have been considered). The performance is evaluated in terms of the following root mean square error (RMSE)
between true and estimated positions:



RMSE 

2

2

E[(x̂e − xe ) + (ŷe − ye ) ].

(17)

In the following simulations, this average inside the square root
at the right-hand side of (17) is obtained considering 100 independent simulation runs per scenario.
3.4.1. Impact of the number of beacons
We investigate how the obtained localization accuracy changes
as the number of beacons reduces. In order to do this, we ﬁrst
consider the scenario shown in Fig. 1(a), where the number M of
beacons is set to either 8 or 4. These two cases are shown in Fig. 2(a)
and (c) respectively, where circles correspond to beacons while
squares represent the nodes whose positions need to be estimated
– we recall that the position estimates of the latter group of nodes
are obtained sequentially (one at a time).
In Fig. 2(b) and (d) the RMSEs corresponding to the scenarios
in Fig. 2(a) and (c) are shown as functions of the node index. In all
cases, the RMSE is computed using the three considered algorithms
(namely the TSML method, the PI method, and the PSO algorithm).
It can be observed that when using 8 beacons, the performance of
the three algorithms is comparable. When, instead, the number of
beacons is reduced to 4, only the PSO algorithm guarantees reliable position estimates of all the nodes. These results suggest that
the PSO algorithm is an appealing choice for auto-localization of
static nodes, especially in large environments such as the ones we
are interested in. As a matter of fact, the possibility of halving the
number of beacons in a huge warehouse (keeping, at the same time,
the same accuracy in the position estimates), allows signiﬁcant cost
savings.
3.4.2. Impact of physical distances
We now investigate the impact of the distance between beacons
and nodes on the resulting position estimates. For this purpose, we
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In this section, a hybrid version of the PSO algorithm, inspired
by evolution strategy, is proposed. A preliminary version was proposed in [11].

4.1. The idea
We assume that the main assumptions behind the standard PSO
algorithm still hold, but we introduce a new processing step, at
each iteration, after the computation of the new estimated positions of the particles and the corresponding values of the ﬁtness
function. To be more precise, among all the S particles, we consider
the T  S/2  ones which have the worst (namely, the higher) values of the ﬁtness function, and we move them in a neighbourhood
of the particle which has the best (namely, the lowest) value of the
ﬁtness function at that step. This procedure can be described as
follows: at each epoch t of the recursive PSO algorithm, given the
current ﬁtness function of each particle, we consider a permutation
P(t) in the set of indices {1, . . ., S}, such that
if i ≤ j.

In other words, we order the indices of all the particles in ascending order, starting form the one with the best ﬁtness value (whose
position is xP[1] (t)) to the one with the worst value of the ﬁtness
function (whose position is xP[S] (t)).
Then, for every index k ∈ {1, . . ., T}, we replace the positions of
the particles with indices {P[T + k]}, with positions close to xP[1] (t),
which is the position of the best particle. The rule for this replacement is the following:
xP(T +k) (t) ← xP(1) (t) + r (k) (t),

k = 1, . . ., T

Number of Iterations
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20
0
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where r(k) (t) ∼ U(0, 1) and {r(k) (t)} are independent.
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Fig. 4. (a) Averages of the minimum number of iterations needed to achieve an error
tolerance of 10−1 m, for each of the 21 nodes which need to be estimated, when
using the standard PSO algorithm (dots), and when using the hybrid PSO algorithm
(triangles). (b) Averages of the minimum number of iterations needed to achieve an
error tolerance of 5 × 10−2 m, for each node, when using the standard PSO algorithm
(dots), and when using the hybrid PSO algorithm (triangles).

4.2. Comparison between standard PSO and hybrid PSO
The changes introduced in the hybrid version of the PSO algorithm are meant to fasten convergence to the optimal solution. As a
matter of fact, the effect of the additional step is to rapidly push the
swarm towards the (currently) best solution. It is worth observing that the introduction of the additional step described in (18)
implies that the computational cost of each iteration of the hybrid
PSO algorithm is approximately 1.5 times the cost of each iteration of the standard PSO algorithm. As a matter of fact, half of the
particles need to be replaced and the corresponding values of the
ﬁtness function must be re-evaluated. However, it will be shown
that, from a global computational viewpoint, the hybrid PSO algorithm turns out to be signiﬁcantly more efﬁcient than the standard
PSO algorithm.
In order to evaluate the convergence speed, instead of considering, as a stopping criterion, a ﬁxed number of iterations (as
indicated in the last paragraph of Section 3.3), we now consider
the achievement of a ﬁxed maximum RMSE. In particular, in Section 4.2.1 we investigate the impact of the number of iterations,
whereas in Section 4.2.2 the impact of the swarm size is investigated. Finally, in Section 4.2.3, a comparison of the computational
complexities of PSO and hybrid PSO algorithms is presented.

(18)

where r(k) (t) ∼ U(− 0.5, 0.5) and {r(k) (t)} are independent. In this
way, half of the particles (the “worst” ones, i.e., the ones with higher
values of ﬁtness function) are moved towards the position of the
“best” particle. After this position replacement, the ﬁtness function
of the T just moved particles is evaluated, and, from then, the proposed algorithm continues following the steps of the standard PSO
algorithm and the updating rules for velocities and positions are
the same.
In [11], a similar approach is considered, the only difference
being that the replacement rule (18) is substituted by the following:
xP(T +k) (t) ← xP(k) (t) + r (k) (t),

Hybrid PSO

60

0

4. A hybrid PSO

F(xP[i] (t)) ≤ F(xP[j] (t)),

Standard PSO

Number of Iterations

consider the scenario described in Fig. 1(b), where the beacons are
the 6 nodes closer to the center of the square. First, we estimate
the positions of the 8 nodes which lay on the circumference with
the smaller radius, namely the ones whose distance from the baricenter of the beacons is 2 m. This scenario is shown in Fig. 3(a),
where circles correspond to beacons while squares correspond to
the nodes whose positions need to be estimated. Then, we estimate
the positions of the 8 farthest nodes, whose distance from the baricenter of the beacons is 5 m, as shown in Fig. 3(c). Simulation results
show that, in both cases, the PSO algorithm outperforms the TSML
and PI methods. Moreover, it can be observed that, as the distance
between beacons and nodes increase, the performance with the
TSML and PI methods signiﬁcantly degrades (the RMSE increases
by almost an order of magnitude), whereas the precision accuracy
of the PSO algorithm does not change.
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(19)

4.2.1. Accuracy versus number of iterations
We now present some simulation results concerning the minimum number of iterations required by the PSO algorithm to achieve
a given error tolerance. The population size and all the other parameters are kept equal to the ones already set in Section 3.3, except,
as indicated above, for the stopping criterion. We compare the
minimum number of iterations needed (to obtain the same performance) when using the standard PSO algorithm and when using
the proposed hybrid version. All the results are relative to the scenario described in Fig. 1(a), and the beacons are assumed to be the
4 nodes at the vertices of the square, as in Fig. 2(c).
First, we set the maximum acceptable RMSE to 10−1 m. The simulation results, obtained by averaging over 100 independent runs,
are shown in Fig. 4(a). It can be observed that the number of iterations needed to achieve the given error tolerance when using the
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hybrid PSO algorithm is far smaller than the one needed when using
the standard PSO algorithm. To be precise, the average (over all
nodes) minimum number of iterations needed to achieve an RMSE
equal to 10−1 m is 25, while this value decreases to 3 when using
the proposed hybrid PSO algorithm.
Then, we reduce the error tolerance to 5 × 10−2 m: the corresponding results, are shown in Fig. 4(b). Once again, the number of
iterations needed to achieve the given tolerance decreases when
using the hybrid PSO algorithm instead of the standard PSO algorithm. In this case, the average (over all nodes) minimum number of
iterations needed to achieve the given tolerance is: 37 when using
the standard PSO algorithm; and 4 when using the proposed hybrid
PSO algorithm.
Comparing the results of Fig. 4(a) with the ones in Fig. 4(b), it
can be observed that, as expected, the number of iterations needed
when the tolerance is smaller (i.e., 0.5 × 10−2 m) is larger than
when considering a higher value of the maximum tolerable RMSE
(namely, 10−1 m).
4.2.2. Impact of the population size
In the following, considering the same node conﬁguration of
Section 4.2.1 and setting the error tolerance to 5 × 10−2 m, we evaluate, as a function of the size S of the swarm, the number of
iterations needed, on average, to achieve this tolerance. Besides the
already considered value S = 40, we consider also its half (S = 20) and
its double (S = 80). The simulation results relative to these values
are shown in Fig. 5. More precisely, Fig. 5(a) refers to the standard
PSO algorithm, while Fig. 5(b) refers to the hybrid PSO algorithm.
In both cases, as expected, the number of iterations decreases as
the population size increases. Comparing the results in Fig. 5(a)
with those in Fig. 5(b) it can be noticed that, regardless the swarm
size, the hybrid PSO algorithm allows obtaining the same performance in a far smaller number of iterations. More precisely, when
S = 20, the average number of iterations required by the standard
PSO algorithm is 95, but it reduces to 7 when using the hybrid PSO
algorithm. Similarly, when S = 40, the average number of iterations
with the PSO algorithm is 37, and it reduces to 4 when using the
hybrid PSO algorithm. The number of iterations with the standard
and the hybrid PSO algorithms reduces to 14 and 3, respectively,
when the population size S is 80.
The impact of the population size on the convergence speed is
clearly highlighted in Fig. 6, where the average number of iterations
(averaged over 100 independent runs and over all the nodes whose
positions need to be estimated) needed to achieve a maximum tolerable position estimation RMSE of (a) 10−1 m and (b) 5 × 10−2 m
is shown as a function of the population size S (varying from 5 to
80 individuals). For both tolerance values, Fig. 6 shows that the
proposed hybrid version of the PSO algorithm allows obtaining the
required accuracy with a far smaller number of iterations, especially if the population size is small. Moreover, the convergence of
the hybrid PSO is very fast even when the population size is small
(e.g., S = 20 or S = 30), making it a very attractive choice also for
real-time dynamic localization.
4.2.3. Computational complexity
We now show that, in spite of the additional step in (18), the
hybrid PSO algorithm is computationally less expensive than the
standard PSO algorithm. This complexity gain comes mainly from
the fact that the number of iterations needed to achieve a given
accuracy is, as shown in the previous subsections, far smaller with
the hybrid PSO algorithm.
Let us denote as N the number of nodes which have to be esti(PSO)
(hPSO)
mated and as Niter and Niter
the numbers of iterations required
by the PSO and the hybrid PSO algorithms to converge, respectively.
(PSO)
From the results in Fig. 6, it can be concluded that Niter can be

roughly approximated as 1000/S, i.e., the swarm size S needs to be
(hPSO)
very large to guarantee fast convergence. At the opposite, Niter
is
an approximately constant function of S, typically assuming values
between 5 and 10 (the only exception being the case with a tolerance of 5 × 10−2 m and S = 5, i.e., with a very small population size,
(hPSO)
= 17). At each iteration, the computational complexwhere Niter
ity is associated with two operations carried out for each particle
of the swarm at each node: (i) the evaluation of the ﬁtness function
and (ii) the position update.

• Considering the PSO algorithm, the evaluation of the ﬁtness function deﬁned in (13) for a single particle in the swarm involves
M − 2 additions and M − 1 multiplications. Moreover, from (14)
and (16) it follows that the position update of a single particle in
the swarm involves 5 additions and 5 multiplications. Hence, for
each particle in the swarm, at each iteration one needs to compute M + 3 additions and M + 4 multiplications. The computational
complexity over the entire swarm for the position estimate of a
single node is then obtained by multiplying the above numbers
by S, obtaining: S(M + 3) additions and S(M + 4) multiplications.
• When considering the hybrid PSO algorithm, the number of operations involved in the evaluation of the ﬁtness function for the
entire swarm is twice that of the PSO algorithm: as a matter
of fact, at each iteration, the ﬁtness function of each particle is
evaluated twice. This leads to 2S(M − 2) additions and 2S(M − 1)
multiplications for the evaluation of the ﬁtness function for all
particles of the swarm. The position update of each particle
involves the same numbers of operations as in the PSO algorithm,
with S/2 supplementary additions, due to the replacement of
half of the particles given in (18), leading to 5S+  S/2  additions
and 5S multiplications for the entire swarm at a node. It can then
be concluded that, at each iteration, the hybrid PSO algorithm
requires S(2M+ 1) +  S/2  additions and S(2M + 3) multiplications
for the position estimate of each node.

Therefore, one obtains the computational complexities (in
terms of numbers of multiplications and additions) summarized
in Table 1: the ﬁrst two rows refer to the computational complexities per iteration (obtained by multiplying the previously explained
results by the number of nodes N), whereas the last two rows refer
to the total complexity (taking into account proper numbers of
iterations for the considered algorithms).
We now refer to the node conﬁguration in Fig. 1(a) and assume
that the beacons are the M = 4 nodes nearest to the corners. Hence,
the remaining N = 21 nodes’ positions need to be estimated. We
ﬁrst consider a swarm composed of S = 30 particles at each of the
N = 21 nodes with positions to be estimated. According to the results
in Fig. 6, in this case the numbers of iterations needed to achieve
(PSO)
(hPSO)
an accuracy of 5 × 10−2 m are Niter = 53 and Niter
= 4, respectively. Then, we consider a swarm composed of S = 60 particles at
each of the N = 21 nodes. According to the results in Fig. 6, in this
case the numbers of iterations needed to achieve an accuracy of
(PSO)
(hPSO)
5 × 10−2 m are Niter = 36 and Niter
= 3, respectively. In Table 2,
the corresponding values of the total numbers of multiplications
and additions are shown. It can be observed that, in both cases, the
computational complexity of the hybrid PSO algorithm is around
10% (in terms of number of multiplications and number of additions) of that of the PSO algorithm.
In the last row of Table 2, the simulation run times (on Mac OS
10.5.8, with a 2 GHz Intel Core 2 Duo processor) required by the considered algorithms to estimate the positions of the 21 nodes in the
aforementioned scenario are also shown. The obtained simulation
run times conﬁrm the analytical prediction of Table 1.
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Fig. 5. (a) The averages of the minimum number of iterations needed to achieve an error tolerance of 5 × 10−2 m are represented, for each of the 21 nodes, when using the
standard PSO algorithm and when the population size is S = 20 (circles), S = 40 (dots), and S = 80 (plus). (b) The averages of the minimum number of iterations needed to achieve
an error tolerance of 5 × 10−2 m are represented, for each node, when using the hybrid PSO algorithm and when the population size is S = 20 (circles), S = 40 (triangles), and
S = 80 (plus).
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Fig. 6. (a) Average number of iterations, averaged over all the nodes, needed to achieve an error tolerance of 10−1 m when using the standard PSO algorithm (dots), and when
using the hybrid PSO algorithm (triangles). (b) Average number of iterations, averaged over all the nodes, needed to achieve an error tolerance of 5 × 10−2 m when using the
standard PSO algorithm (dots), and when using the hybrid PSO algorithm (triangles).
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Table 1
Numbers of multiplications and additions (per iteration and total) of the PSO and hybrid PSO algorithms as functions of the number of nodes N, the number of particles in
(PSO)
(hPSO)
the swarm S, the number of beacons M, and the number of iterations (Niter and Niter , respectively).
PSO

Hybrid PSO

Number of multiplications/iter.

NS(M + 4)

NS(2M + 3)

Number of additions/iter.

NS(M + 3)

Total number of multiplications

NS(M + 4)Niter

NS(2M + 3)Niter

Total number of additions

NS(M + 3)Niter

N S(2M + 1) + S/2 Niter

N S(2M + 1) + S/2
(PSO)
(PSO)

Table 2
Computational complexity comparison between PSO and hybrid PSO algorithm, in a
scenario with N = 21, M = 4. Two possible values for the swarm size S are considered:
(PSO)
(hPSO)
= 4) and 60 (which
30 (which corresponds, from Fig. 6, to Niter = 53 and Niter
(PSO)

(hPSO)

corresponds, from Fig. 6, to Niter = 36 and Niter
= 3). In the second and third
rows, the numerical values predicted by the last two rows of Table 1 are shown. In
the fourth row, the simulation run times obtained with a Mac OS 10.5.8 with a 2 GHz
Intel Core 2 Duo processor are also shown.
PSO
S
Total number of multiplications
Total number of additions
Simulation run time

30
267120
233730
2.08 s

Hybrid PSO
60
362, 880
317, 520
2.68 s

30
27, 720
23, 940
0.20 s

60
41580
35, 910
0.31 s

5. Conclusions
Three approaches to UWB signaling-based auto-localization of
nodes in a static wireless network have been considered: two
stem from the geometry-oriented localization literature (the TSML
method and the PI method) and one originates from the soft computing literature (a PSO-based approach). The obtained results
show that the PSO-based approach guarantees, with respect to the
other algorithms, a better accuracy in the position estimate, both
in terms of required number of beacons and of tolerable distance
between beacons and nodes. Furthermore, an improved version of
the PSO algorithm has been proposed, showing that its convergence
speed is signiﬁcantly higher than that of classical PSO approach.
We have also investigated the convergence speed as a function of
the population size, showing that the novel hybrid PSO algorithm
allows fast convergence even with a small swarm size. As an attractive side beneﬁt, the improvement of the convergence speed of the
hybrid PSO algorithm is associated with a relevant reduction of the
total computational complexity.
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