On Information Theoretic Aspects of Single- and
Multi-Carrier Communications

M. Franceschint, R. Pighi? G. Ferrarii and R. Raheli
1: Universita di Parma, Dipartimento di Ingegneria defidrmazione
viale G. P. Usberti 181A, 1-43100 Parma, Italy
2: Selta S.p.A., Roveleto di Cadeo, Piacenza, Italy

Abstract—In this paper, we investigate the relation between subcarrier. This conclusion is not verified if water-fillimgnd

the quadrature amplitude modulation (QAM) input informati on  pjt-loading techniques are considered in MC schemes.

rates (IRs) of multi-carrier (MC) and single carrier (SC) systems  Tpe haner outline is as follows. In Section II, we describe
transmitted over inter-symbol interference (ISI) channek with th idered ¢ del. In Secti III' fter briefl
additive white Gaussian noise (AWGN). In particular, consdering € considered system moael. In oection i, after briefly

uniform power spectrum transmission, we conjecture that, 6r  Surveying previously derived results, we conjecture theeho
a given channel impulse response, the IR corresponding to inequality relating the IRs of SC and MC schemes. In Sec-
an SC input distribution is higher than that corresponding to tion IV, we present numerical results supporting our con-

an MC input distribution. We give an intuitive justification of ectyred bound. In Section V, the performance improvement
our conjecture and confirm it, by means of numerical results, . . -
considering two sets of randomly generated channels. of MC schemes, obtained with water-filling power spectrum

allocation and bit-loading, is investigated. In Section $6me

concluding remarks are drawn.
. INTRODUCTION

Multi-Cal’l’ier (MC) m0du|ati0n for diSperSive additive Wb| || PREL|M|NARY CONS|DERAT|ONS ANDSYSTEM MODEL
Gaussian noise (AWGN) channels is known to achieve theIn this paper. we consider two svstems classes transmittin
channel capacity by means of water-filling power allocation 'S paper, w ! Y tting

and Gaussian input distribution [1]. Water-filling, nevestess, .1.d. QAM symbols over an IS channel as shown in Fig. 1.

needs channel knowledge at the transmitter, which has Ft'(g 1 (a) refers to a SC system, whefs,} denotes the

be obtained through a feedback channel. In the absence'naqIJljlse response of the channel. The input symbols}

channel knowledge, a reasonable choice is to transmit? g drawn i.i.d. from a QAM constellatioauy.} is an i.i.d.

- . . .sequence of zero-mean Gaussian samples, i.e., the noise sam
uniform power spectrum in the allocated system bandwidtPCJ pes, 1.€.,

This situation may arise, for example, in the case of brorﬁtdcgIes and{y,.} is the channel output. Fig. 1 (b) refers to a MC

channels, o whenever power spectum shaping echnig IS5, 0SS ATEreIce iespect o e SC Syerebe
entail a prohibitive computational complexity. P 0

The choice of the modulation technique (either singléa-!o_d_( perforr_ning_an (ideally infinité)qrthogonal frequency
carrier, SC, or MC), the particular constellation, as wel division mult_|pIeX|ng (OFDM) modulation. The output of the
the possible spectral shaping technique, have an impact I st{]stem IS tr]le sgguencte of ?ﬁlmp{?}:{ le at h
the distribution at the input of the channel, and this afgit nb € case o o? f s”ys em, € output sample at epoc
return, the information rate (IR) of the system. In [2]-[&], can be expressed as follows.

numerical method for computing upper and lower bounds and L
asymptotically accurate estimates of the IR for inter-sgmb Y = Z hxg—; + wy (1)
interference (ISI) channels with arbitrary Markov chaiptits 1=0

is given. This method allows unprecedented accuracy in ti@ereL -+ 1 is the number of consecutive nonzero samples in
computation of the IR of finite memory channels. In [6]the channel impulse response. The channel output at epoch

[7], the authors propose upper and lower bounds for the |Rthe case of a MC system can be written as
of SC systems where independent and identically distribute

(i.i.d.) symbols, chosen from an arbitrary constellatiane
transmitted over ISI channels.

In this paper, we conjecture the existence of a novel lower ~
bound for the IR of SC systems with uniform input poweWhere; denotes the sample output by the MC modulator at
spectrum transmission over an ISI channel. In particular, ¥POChk. In this paper, we focus on ideal MC modulation, i.e.,
focus on quadrature amplitude modulation (QAM). We shoach subchannel can be considered as an AWGN channel with
noise ratio (SNR) and transmitted power with uniform spactr _ _ _ _

L . . . IWe assume that in each subcarrier the channel can be caittat This
distribution, the IR .Of an SC scheme is hlgher.than that Qéndition is satisfied in the limit for an infinite number ofraebandwidth
an MC scheme using the same QAM modulation on evesybcarriers.

L

Ze =Y g+ wy )
1=0



Tk Yk Provided that each subchannel exhibits an almost flat fre-
—_—> Iy + > guency response, the IR of a MC channel can be approximately
computed considering a finite number of channels as follows:

wy

N-—1
Ive~ 1 3 Taawly(2mi/N)]. (6)
1=0

2 2 I1l. A CONJECTUREDLOWERBOUND FOR THEIR OF SC

>| DFT > 7, CHANNELS
The IR of a SC scheme, given by expression (3), has been
thoroughly investigated in several works. In [7], the autho
W give a survey of existing lower and upper bounds and propose
(b) new lower bounds fofsc. In particular, both upper and lower
bounds forlgc in scenarios with ISl channels are given in
terms of the IR of memoryless AWGN channels with the same
input distribution:

Fig. 1. Considered communication system models: (a) SC htC.

can be obtained using, for example, OFDM systems with a

; . Isc < I(xg;&xk + wg) (7)
suitably large number of carriers. I > (g 8
The IR of a channel is given by the following expression [1], sc = I(xk; pi +wi) ®)
[6]: where
1 £
12:9) = T —I(y™;2™) = D) - hOIX) @) = oz IO

wherez(™ = (2o, ..., 2n_1), ™ = (Yo, -y, _1)s B(D) for the upper bound and

denotes the (differential) entropy rate of the channel wutp A 1 (™ )

processy = {y,}, and h(Y|X) denotes the (differential) p= eng/o In | H(A)|"dA

entropy rate of the channel output given the channel input.

In particular,h(Y|X) is equal to the differential entropy of for the lower bound.It can be easily shown that MC and SC
the noise proces®V, namely,h(W) = log 2rea?, wheres? schemes yield the same IR in the case of memoryless AWGN
denotes the per-dimension variance of the noise sample. Thannel [8]. As a consequence, the IRs; {xy, + wy) and

IR in (3), in the case of SC modulation, may be evaluated usidégr; pxr + wy) in (7) and (8), respectively, can also be
Monte Carlo simulation techniques [2]-[5], since its atialyl interpreted as the IRs of two memoryless AWGN channels
evaluation is, in general, a formidable task. We will refer twith MC input. Another bound provided in [7] is the so-called

the IR of an SC scheme using the notatifyg. minimum mean square error (MMSE) lower bound, which
In the case of a MC channel, (3) simplifies to the followingtates that
integral expression, which assumes the use of an infinite Isc < I(xz+v;x)

number of carriers:
o wherev is a properly defined non-Gaussian noise term. In [7],
Ivc = 1 / Igam[y(w)] dw (4) aconjectured bound is also provided on the basis of the MMSE
2m Jo lower bound:

where Igam(-) is the IR, as a function of the SNR, of a Isc <I(z+D;x)
memoryless AWGN channel with the considered QAM input . . . . .
constellation and(w) is the SNR at the receiver as a functioff/Nere # is a Gaussian random variable witfar{i} =

of the frequency and is given by Var{v}. _ _
Our goal is to derive a novel lower bound fdgc. In
(W) = E|H(w)|2 (5) particular, we want to relatédsc with the IR of a channel
No with the same i.i.d. input process transmitted by means of a

where E, is the average transmitted symbol energy, — MC modulation scheme. In other words, we want to relate

E{|wy|?} is the monolateral noise power spectrum dii¢) SC and Ivic. : : . ,
denotes the channel frequency response. In the followiag th Let us consider the received signal in the frequency domain.
system SNR will be defined as the ratia/No.2 Assuming DFT-based demodulation with DFT block length

equal toN,* the signal at the output of the demodulator, in

2We remark that the same SNR definition was used in [8], althoitig
was erroneously stated that SNR was the ratio between thragameceived 3Note that both bounds refer to an ISI channel with real taps.
sample energy andly. The two definitions, i.e., referring to average received “We remark that DFT isolates perfectly separated channétsifrequency
and transmitted sample enery, are equivalent in the caserofalized channel domain only asymptotically, i.e., for a nhumber of subcasi¢hat tends to
impulse response energy and uniform transmitted powertrspec infinity.
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Fig. 2. Isc and o, as functions of the SNR, considering an ISI channggig 3 14 and Iyc, as functions of the SNR, considering a channel with
with impulse response1,2,1)/+/(6). The channel frequency responseimpyise response2, 1)/1/(5). The channel frequency response is also shown
which presents a spectral zero at frequencys also shown inside the figure. jsige the figure.

the case of SC modulation is given by to the total IR is limited by the logarithm of the constella-
X tion cardinality, regardless of the particular attenuatior

U = = yie PTRIN amplification) of the subchannel. This is not the case for
N i=0 SC systems, since each sampjein (10) depends on every

1 ML - 1 X o symbol in the sequence and may contribute to the overall IR
= ¥ Z Z hywi_ye I 2mRIN 4 N Zwie’ﬂ”mm up to the total number of transmitted bits. In this sense,@n S
i=0 1=0 i=0 scheme transmits the entire message through every sulahann

N L i H e W f m

1 ok _ and the receiver may exploit this “frequency diversity” by

- N Z Z hui €2 iy (9)  performing optimum decision based on all subchannel ostput
=01=0 In particular, subchannels with high SNR do not undergo the

where {h;,} is the channel impulse response aig has the limitations due to the constellation cardinality suffetedthe
same distribution ofu,. If the channel impulse response lengtisubchannels in MC schemes. We can then state our conjectured
L+1 is much smaller thaiV, by periodicizing boti{;} and bound as follows:

{z} with period N, it is possible to accurately approximate Isc > Ivc (12)

(9) with the following: ) )
wherelsc and ¢ have the expressions given by (3) and (4),

_ 1 ionki/N . - respectively. Note that expression (4) holds for a QAM input
gk = 3y Hr Z wie P2 iy (10) " gistribution. However, our conjecture is that (12) holdsday
=0 input constellation.
whereH), denotes thé-th element of the lengti¥ DFT of the
channel impulse response. This approximation impactsamly IV. NUMERICAL EVIDENCE OF THE CONJECTURED

the samples at the border of the block, which should depend BOUND
also on adjacent blocks [6]. We remark that, since a DFT is o _ _
an invertible operation, the IR(); X) is equal toI(); X). In order to get insights into the relation between the

Therefore, in the following we will use (10) to draw comgRs of MC and SC schemes, we preliminarily evaluése:
considerations on the IR of the SC scheme. In the case of M@d Inmc considering I1SI channels with impulse responses

modulation, the demodulator output becomes (1,2,1)/4/(6) and (2,1)/1/(5). The corresponding resuilts
are shown in Fig. 2 and 3, respectively. The frequency re-

- 1 & _jomki/N sponses of the channels are also shown in the same figures.
= szie The (1,2,1)/4/(6) channel has a spectral zero at angular
=0 (11) frequency equal tor, whereas the2,1)//(5) channel has

a frequency response strictly larger than zero. Clearlioith
The frequency domain representations (10) and (11) suggestnarios the SC curve is higher than the MC curve.
the presence of a bottleneck for the IR of MC schemes. InThe impact of the presence of a spectral zerolgm: is
fact, whereas each received SC sampledepends on all further investigated in Fig. 4, wheré,c is evaluated for
transmitted symbolézo, . .., zy_1}, the received MC sample ISI channels with impulse respons@s1)/v/2, (1,2,1)/6,
%, depends only on the transmitted symhbql. Therefore, (1,3,3,1)/4/20 and(1,4,6,4,1)/+/70 associated with a 1st,
in the MC case the maximum contribution of a subcarriénd, 3rd, and 4th order spectral zero at angular frequentgieq

= Hpxp + Wy, .
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Fig. 4. Inc, as a function of the SNR, considering several I1SI channels
with a (multiple) spectral zero at angular frequency eqoat t
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Imc

to m, respectively. In particulady;c approaches its maximumFig- 5. Isc, as a function offyic, for 40 randomly generatedeal
ISI channels with 3-tap impulse responses. Various SNRegalare also

value with the following approximate law: considered. Each cross corresponds t6/&c, Inic) relative to a specific

8 channel at a specific SNR. A few characteristic patterngciested to given
Ive(SNR) ~ Imax(l — anSNR_ﬁ) (13) SNR values, are highlighted.

wheren is the order of the spectral zera,, is a parameter

which depends on, 3 is a constant, and,,,..,. is the logarithm 4.5 ' ' ' ' ' ' '

of the cardinality of the considered constellation. As oae ¢ L -

see from Fig. 4, the approximate expression (13) is venyt tigh P

at large SNR values. 35} ﬁ*’d;w* .

In order to verify our conjecture (12), we randomly generate #ﬁ"i

40 real 1SI channels and 40 complex ISI channels, all with 3r Qﬁ# 1

length-3 impulse responses. The channel taps are i.i.0. zer L

mean and unit variance Gaussian samples, either real op 251 f i

complex. Each channel impulse response is normalized te

unit energy, in order to allow a fair comparison between
different channels. In all cases, 16-QAM is the modulation 1 5§
format of choice. In the MC casel\c is computed by
numerical integration of (4)—we point out, however, that th 1
approximate computation based on (6), considefihg= 64

or N = 1024 subchannels, entails a negligible difference. In 0.5
the SC casels¢ is computed using the algorithm in [5], and 0
transmitting 105 QAM symbols. The considered SNR range

is between -12 dB and 30 dB. In Fig. B¢ is shown as a

function of I, for various real channels and SNR values.

The (Isc, Inc) point corresponding to a specific channel-SNR

- d

s : (Imcilsd | |
Il Imc=lsc
0 05 1 15 2 25 3 35 4

Imc

pair is represented by a single cross in the plot. For corapari Fig. 6.  Isc, as a function of/yc, for 40 randomly generatedomplex

purposes, the curvésc = Iyc is also shown. Clearly, the

results show that, in the considered scenarigs,> Inic. IN channel at a specific SNR.

particular, the difference seems larger in the medium-Higgh
region, i.e., just before the saturation at the value log, 16.

ISI channels with 3-tap impulse responses. Various SNRegalare also
considered. Each cross corresponds t6/&-, Inic) relative to a specific

The validity of the conjectured bound (12) is confirmed, iath  MC schemes is negligible. This is due to the fact that

presence of complex ISI channels, by the results in Fig. 6. in the low power regime every symmetric input provides
In Fig. 7, the differencelsc — Inc is shown, for each the same performance.

real ISI channel, as a function of the SNR. As expected,, |nthe medium SNR region, where the transition from low

the difference is always non-negative. Furthermore, there  spectral efficiency to almost maximum spectral efficiency

a common behavior followed by every channel, summarized s observed, the difference betwekg andlyc becomes

in the following remarks. largest. This is the region where the difference between
« At low SNR, the difference between the IRs of SC and SC and MC input distribution has its maximum impact.



4-5 T T T T T T T

w
o
T
o
1

Imclsc

C
N
o

T
s
*%%
1

[EEN
ol
T
@
*
e
1

SNR [d8] R N 159 ||
05| 4 MC-WF'S i
Fig. 7. Isc — Imc versus SNR for several random real channels with 3-tap ’ 4# ||\/|C-WF:|SC
impulse response. Each curve is associated to a specifinehan 0 & . . i i i i
o5 0 051 15 2 25 3 35 4
07 Imc-wF
0.6 Fig. 9. Isc versusIyc_wr for several randomly generated ISI real
05 channels with 3-tap impulse responses.
204
203 V. POWER SPECTRUMALLOCATION AND BIT-LOADING
. In order to reduce the difference between the IRs of MC and
0.1 SC schemes, two strategies can be followed. The first syrateg
01 consists in increasing the cardinality of the consteltatibhis
o1 allows to effectively exploit all the information that thégh

SNR MC subchannels may convey. In practice, if none of the
SNR [dB] MC subchannels is characterized by an SNR sufficiently high
to saturate its memoryless IR curve, the difference between
Fig. 8. Isc — Inc versus SNR for several random complex channels witthe |IRs of SC and MC schemes is minimal, as can be seen in
8-tap impulse response. Each curve is associated to a spewfinel. the low SNR region. In particular, numerical analysis shows
that, increasing the cardinality of the constellation, dagiven
SNR, closes the gap betweénc and Isc.

« Inthe high SNR region, since the IRs of both SC and MC A second strategy consists of applying a water-filling tech-
schemes saturate at the logarithm of the cardinality ofque to obtain an optimal transmit spectral shaping [1u-Us
the used constellations, the difference becomes minimally water-filling is applied together with a suitable algbm
However, depending on the channel, this saturation méy per-channel constellation cardinality allocatiorsaknown
occur at very high SNR values. In particular the charas bit loading. Typically, bit-loading algorithms allocate in
nels characterized by deep notches or highly attenuatgch channel the highest possible number of bits that guar-
frequency ranges exhibit a slow convergence to the maxatees a given operational bit error rate (BER). In order to
imum IR value, in agreement with the observation, madeake a fair comparison between uniform input power SC and
at the beginning of this section, regarding the presenb#C schemes with water-filling, however, we use a bit-loading
of spectral zeros. algorithm (first introduced in [8]) which optimally alloczg a

] . ] given fixed number of bits to be transmitted by maximizing

In Fig. 8, the differencelsc — Imc is shown, for each the gverall system IR.This allows to fix the signal space
complex channel, as a function of the SNR. The resulyginality, thus limiting the system spectral efficiendy.
confirm those obtained for _the real channels. In parUcqufig_ 9, Is¢; is shown as a function of théyc_wr of the MC
for complex channels the difference between the IRs of Seheme with water-filling and the above mentioned bit-logdi
and MC schemes is smaller compared to the case with rggjorithm, considering the above described 40 channels wit
channels. This is due to the fact that, with the consider complex valued taps impulse response. The number of
channel tap statistics, real channels may present, withehig g hcarriers is 64 and the average number of bits per suecarri

probability with respect to complex ones, deep spectrahatt s 4 For comparison purposes, the like: = Ivc_wr is also
uations or quasi-zeros. In general, channels charaatehye

strongly attenuated spectral regions exhibit a largeet#fice  sgor simpiicity, increments of 1 bit per dimension are coasid, by
betweenlsc and Iyc. restricting to square QAM constellations.




shown. The algorithm using bit-loading and water-fillingsha REFERENCES

slightly better IR performance than the uniform-inp_ut powa]_ T. M. Cover and J. A. Thomaglements of Information Theory. New
spectrum SC scheme. However, the performance increase isYork, NY, USA: John Wiley & Sons, Inc., 1991.

smaller than the average performance increase of SC scherffés®: Amold and H.-A. Loeliger, *On the information rate diinary-input
channels with memory,” ifProc. IEEE Intern. Conf. on Commun. (ICC),

with respect to MC schemes, shown in Fig. 5. In practice, SC |jeisinki, Finland, June 2001, pp. 2692 — 2695.
schemes seem to achieve a close-to-optimum performancgs] V. Sharma and S. K. Singh, “Entropy and channel capadityttie
regenerative setup with applications to Markov channétsProc. |EEE

VI. CONCLUSIONS Symposium on Information Theory (ISIT), Washington, D.C., USA, June

. . 2001, p. 283.
In this paper, we have conjectured a lower bound on IR fQfj 1. . Pfister, J. B. Soriaga, and P. H. Siegel, “On the actiite

SC schemes transmitting an i.i.d. input through an ISI AWGN information rates of finite state ISI channels,” Rroc. IEEE Global

channel. In particular, the bound states that SC schemes hav Zg(?‘iongg”ggggfféégﬁLOBECOM)' San Antonio, TX, USA, November

larger IR than the corresponding MC schemes, with the safBe p. amold, H.-A. Loeliger, P. O. Vontobel, A. Kavcic, anw. Zeng,
input constellation and uniform input power spectrum. An “Simulation-based computation of information rates foaehels with

intuitive justification of the bound, on the basis of an inajli Z‘Sg&g;yvz"(;gg'f Trans. Inform. Theory, vol. 52, no. 8, pp. 3498-3508,

diversity effect used by SC schemes, has been given. TB€s. Shamai, L. H. Ozarow, and A. D. Wyner, “Information estfor a
conjectured bound has been numerically investigated WBng  discrete-time gaussian channel with intersymbol interfee and station-
randomly generated 1SI channels with Gaussian taps. Our con ﬁl%’vg‘rf]‘gt; '1'355 Trans. Inform. Theory, vol. 37, no. 6, pp. 1527-1539,
Jecture SUgg_eStS that the SC modulation ShOUl(_i be pref&_rreqh] S. Shamai and R. Laroia, “The intersymbol interferentarmel: lower
MC modulation whenever a feedback channel is not available, bounds on capacity and channel precoding lo$&EE Trans. In-

; ; ; ihi form. Theory, vol. 42, no. 5, pp. 1388-1404, September 1996.
the (.:hannel IS dlsperswe ar?d may exhibit spectral nulls ( i M. Franceschini, R. Pighi, G. Ferrari, and R. Raheli, dffr information
quas-nu!ls), and the channelimpulse response enfibles feasiblerate computation to communication system design,fniormation The-
SC receivers. In the presence of a proper bit-loading, hewev  ory and Applications Workshop (ITA2007), La Jolla, CA, USA, January
MC schemes completely recover the IR loss with respect to 2007. pp. 329-336.
SC schemes. Alternatively, a MC scheme with uniform input

power can be used if large coding rates are not of interest.



