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Abstract—We propose a block least mean square (LMS)
algorithm to monitor the longitudinal power profile of a fiber-
optic link through receiver-based digital data from a coher-
ent detector. Compared to the benchmark least squares (LS)
method, the proposed algorithm does not require large matrix
inversions or batch processing, thus allowing the received data
to be processed in blocks of minimum size by an overlap-
save algorithm, reducing complexity and latency. We propose an
efficient implementation of the method with a stochastic gradient
update leveraging a key computation in the frequency domain,
offering computational savings over state-of-the-art monitoring
techniques. We test the proposal in different scenarios by means
of numerical simulations.

Index Terms—Least mean square (LMS), longitudinal power
profile monitoring, overlap-save

I. INTRODUCTION

IGITAL longitudinal monitoring techniques have re-
Dceived a lot of interest in recent years because they
open up new possibilities in autonomous network control
through post-processing inference rather than by distributed
intrusive optical hardware devices [1f]. The core objective is
to leverage received data from a digital receiver to perform
system identification, thereby offering the possibility to reduce
the interaction with a control plane. This attribute is especially
important in modern optical systems that operate in disaggre-
gated network environments provided by several suppliers and
links comprising diverse optical fibers.

Longitudinal power profile estimation (PPE) is one of the
most important monitoring techniques, because the primary
cause of performance degradation is typically due to anoma-
lous losses that occur during field propagation [2f], [3]. Such
kind of anomalies induce soft failures, which result in a
gradual degradation of quality of transmission (QoT) that does
not immediately cause a complete service outage. A quick and
reliable understanding of them is critical in order to implement
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proactive countermeasures before a soft failure turns into a
hard failure.

After the introduction of coherent detection in optical com-
munication products, the use of coherent receiver’s data for
monitoring linear dispersive impairments such as group ve-
locity dispersion (GVD), polarization mode dispersion (PMD),
and polarization dependent loss (PDL) captured the attention
of the community, see e.g., [4]. Tanimura et al. [2], [5]]
were among the first to exploit the nonlinear interference
(NLI) caused by the fiber Kerr effect for tackling the PPE
problem. They were able to perform PPE using a correlation
measurement (CM) between the coherent detector real system
output and a digital twin output. Such a study revealed the
relevance of describing the digital twin using a perturbative
approximation [6] with an NLI that is linearly related to the
power profile. This research prompted a thorough investigation
and inspired innovative solutions to its core challenges [7]-
[20]. A fundamental result has been provided by Sasai et
al. [3]], who showed that the PPE problem can be efficiently
addressed using a least squares (LS) technique, a standard
approach for linear system identification. Contrary to the CM
method, the LS method does not need a calibration stage and
thereby inherently eliminates any systematic bias. Moreover,
it improves the spatial resolution compared to CM [21].

Although the least squares technique is one of the most
efficient in linear adaptive filter theory in terms of convergence
speed, it is complex since it requires the manipulation of a
large matrix—particularly the computation of its inverse—and
must be implemented within a resource-intensive digital twin
architecture. Furthermore, it uses batch processing to handle
the full dataset without adaptivity in its fundamental form. For
these reasons, processing short blocks of data is desirable in
a real-world setting because it reduces processing cost while
successfully tracking a time-varying environment at reduced
latency. Solutions to overcome the least squares issues exist,
such as the recursive least squares (RLS) algorithm [22] or
averaging several batches of data. However, the first is even
more complex, while the second may introduce some artifacts
[23]. The problem of complexity is particularly challenging
and may prevent the implementation of the PPE inside a
transceiver digital signal processor (DSP), with a peripheral
field-programmable gate array (FPGA) or even a power-
hungry computer being the preferred solution [24]. To mitigate
the complexity of the digital twin, researchers have explored
the application of machine learning techniques (see [1]] and
the references therein). However, the effectiveness of these
approaches is often limited in operational networks, both
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Fig. 1. (a): system identification problem setup. The objective is to find the adaptive taps w; of the digital twin that minimize the error e between its output
y and the desired output d in the presence of noise. (b): LMS concept based on a stochastic gradient update using the most recent observables. (c): Least
squares method where all observables (red dots) are used to fit the desired function, here a plane.

because of the huge dataset required to track a dynamic
network evolution, and also because of lack of measurements
[25]], since soft failures, which are essential for training the
models, occur only rarely in highly reliable optical systems.

The least mean square (LMS) approach is arguably the
most widely-used algorithm in adaptive filter theory [22].
The reason is related to its inherent simplicity, since the
LMS completely avoids the large matrix and batch processing
problems associated with the standard LS technique. Since the
PPE problem in a perturbative framework is linear, in this
work we fill a gap in the literature by adapting the LMS
algorithm to the PPE scenario. The implementation is not
straightforward, because GVD may impose significant mem-
ory requirements inside the digital twin, for which efficient
solutions exist provided to work with block processing rather
than with the sample-by-sample processing of the standard
LMS. Consequently, we use a block LMS approach, which
provides a trade off between the basic LMS and the LS
algorithms. However, we cannot directly adopt the block LMS
theory since we face a mixed space-time problem that is
not analyzed in standard LMS theory [22]]. Our technique
computes the stochastic gradient by using a key connection
between the frequency and time domains, allowing for efficient
fast Fourier transforms (FFTs) while limiting block processing
to the minimum size dictated by the link’s GVD.

The remainder of the paper is organized as follows. Sec-
tion [[] discusses the system identification problem and the
differences between the analog twin and the digital twin we
use. Section [l1I| describes the proposed block LMS algorithm.
Section [[V] shows the numerical results of the algorithm in
different scenarios. Finally, in Section [VI] we draw our main
conclusions.

II. PROBLEM STATEMENT

The power profile estimation is a system identification
problem that can be generally represented as shown in Fig.
[T (a). If we have a digital twin that accurately replicates the
core behavior of the real system as much as possible, we
have discovered the unknown power profile of the link under
investigation. In this work, we concentrate on replicating the

propagation in the optical fibers, reserving the analysis of other
devices for future studies.

Sasai et al. [3]] used a perturbative approximation of the non-
linear link [6]], [26] to make the identification problem linear,
and solved it with a LS technique which is widely regarded as
one of the most accurate methods for linear systems. In this
work we focus on the other popular algorithm, the LMS, and
adapt it to the peculiar properties of the NLI. A comparison
between the two methods is sketched in Fig. [T] (b—c). The LMS
aims at minimizing an error signal iteratively by a sequence
of steps using a stochastic gradient approximation calculated
on the most recent data, like searching for a valley in the fog.
The LS method, on the other hand, attempts to fit a parametric
function to the real system response by minimizing the mean
square error between them. Thus the key difference is that
the LMS, in its basic form, operates sample-by-sample, while
the least squares operates via batch processing. In this work
we used a block-LMS technique to slightly relax the sample-
by-sample feature in favor of fast convolutions through FFT.
Before introducing it, we discuss the relation between a digital
twin and a standard analog twin.

A. Analog twin
Given the transmitted electric field A(t), a reasonable ap-

proximation of the received field using a first-order regular
perturbation (RP) approximation is:

Aou(t) ~ A(t) + nspum(t) + r(t) (1)

with ngpy the NLI caused by self-phase modulation (SPM)
and r(t) the remaining noise, such as amplified spontaneous
emission (ASE) and cross-channel NLI. According to the RP
method [|6]], the NLI is the result of a linear accumulation
along the distance:

nsow(t) = —j / ¥ (2)u(z, t)dz @)

where, as in [3]], we introduced 7/(z) = v(2) f(z), with y(2)
the fiber nonlinear coefficient, f(z) the longitudinal optical
power profile, and

w(z,t) 2 (g, 9N (h, ® A)) (). 3)
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In this formulation, the symbol ® indicates temporal convolu-
tion, whereas AN'(A) £ ||A||2A is the nonlinear Kerr operator
with ||.]| indicating the Euclidean norm. The symbol h,(t)
is the impulse response of GVD from system input to link
coordinate z, while g.(¢) is the impulse response of GVD
from z to system end. Note that a perturbative approach cannot
differentiate anomalies in the nonlinear coefficient, power, or
link loss [3].

Even at typical powers, the approximation (I) could be
inadequate because the nonlinear Kerr effect manifests itself
not only as an additive term but also as a phase that may be far
from zero radians, thus weakening the Taylor approximation
at the core of the RP method. The enhanced RP (eRP) [6],
which makes the transformation

Aou(t) = 7P E(t)
offers a better approximation by perturbing E only:
Aou(t) = €% (A(t) + nsem(t) — A(t)) + (1) .

While the term exp(i¢p) is irrelevant to our discussion because
it is eliminated by the carrier phase recovery, the “eRP
correction” given by jpA is crucial [21]).

A reasonable choice for ¢ is the time average phase rotation
induced by the Kerr effect [26], [27]. However, since the eRP
correction is linear in ¢, we found it more convenient to
allow the LMS find its best approximation for ¢. This idea
generalizes the proposal of [28] within the scope of the RP
approach, and decreases the algorithm’s dependency on prior
information.

B. Digital twin

At the optical level, the RP field consists of “linear
+ nonlinear + linear” steps, with a GVD operator modeling
each linear step separately. However, because our algorithm
must work at the digital level, we actually need an RP ap-
proximation relating the transmitted/detected digital symbols
rather than the input/output analog field. The fully digital twin
starts with the observation that the transmitted signal is usually
linearly modulated by a root-raised cosine pulse p(¢) with a
symbol period 7' by A(t) = >, a(i)p(t—iT"), which in Fourier
domain is:

Aw) = a (e?“T) P(w) (4)

with a (ej “’T) the discrete-time Fourier transform (DTFT) of
the discrete symbol sequence a(i), whereas A(w) and P(w)
represent the Fourier transforms of A(t) and p(t), respectively.
In this framework, P(w) is an additional linear operation
preceding the mentioned steps. Similarly, matched filtering and
GVD equalization are extra linear operations that occur after
those steps. Notably, the matched filter has frequency response
that is the conjugate of the pulse’s spectrum, P*(w), and the
GVD equalization similarly acts as a filter with conjugated
frequency response of the GVD response. This observation
enables a relationship between the impulse responses of g,
and h, once including pulse shaping and detection in the
aforementioned steps [29]:

g (w) =h} (w) = p(w)efj% Jo B2(&)de (5)

with B, the local dispersion coefficient of the fiber that is
assumed to be known. Since g, is sufficiently band- and
time-limited, we can obtain a practical representation in the
frequency domain by sampling p(t) in time with N, samples
per symbol, and work with its discrete Fourier transform
(DFT), while upsampling a(i) to have a signal over the
same temporal grid before taking its DFT. Equation (@) thus
discretizes into:

DFT [A (Tf)] = DFT [an,(m)] x DFT {p (nj\fﬂ

t

with m the sample index and 1 NV, indicating up-sampling by
a factor V;. We also need to discretize the spatial coordinate
z in (2)). This can be accomplished using quadrature formulas
for numerical integration:

nsem(t) = Y pry' (z1)ulz, t) (6)
l

where z; are the coordinates reproduced by the digital twin.
Typically, the grid is uniform, for which a good quadrature
rule is the mid-point rul(ﬂ with p; independent of [, i.e., the
constant step-size.

In this framework, the digital twin builds the following
signal at symbol index :

y(i) = a(i)(1 - jo) + n(i) )

where we identify a(i) as the detected symbols after the
receiver DSP, ¢ as the eRP correction, and the NLI due to
SPM:

M—1

n(@) £ Y o' (2) (90 @ N (@ A)) (iT) (8)

=0

where M is the number of integration points and we intro-
duced h; = h;,(t), g1 = g-,(t) to simplify the notation. In
the next section, we propose an efficient implementation that
exploits the overlap-save algorithm within the context of our
block LMS solution.

ITI. BLOCK LMS BASED ON OVERLAP-SAVE

System identification is generally accomplished by mini-
mizing an error function. Since the problem is stochastic,
ensemble averaging of the error function is commonly utilized
in analytical works because it is simple to manipulate in linear
systems, as demonstrated by Wiener in his seminal works
[22]. Unfortunately, using ensemble averaging is impractical
in many problems, including the one we seek to solve, because
it requires the observation of many independent realizations of
the system. The common solution is to replace ensemble aver-
aging with deterministic averaging, which results in the least
squares method. LMS reduces deterministic averaging to its
most basic form, namely taking the current realization of the
error. This simple approximation has significant implications
because it reduces the complexity and allows for a recursive
search for the minimum by a stochastic gradient method, thus

'We recall that the mid-point rule is more accurate than the more common
trapezoidal rule without adding complexity.
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by recursively updating the result by taking short steps in the
steepest descent direction, see Fig. [T(b).

According to the previous Section, the input/output relation
of the optical link is linear in the longitudinal power profile
and more generally in the 7/(z;) coefficients. We collect such
coefficients into a vector of length M

w(i) = Y (20), 7 (21)s - -7 (zar—)] "

and introduce a temporal dependence on the symbol ¢. The
steepest descent updating rule is [22]:

w(i+ 1) = w(i) - gVJ(z’)

where J is the error function that we want to minimize and
the gradient V is with respect to the taps w. According
to Fig [Ifa), the error is e(i) = d(i) — y(i), with d(i) the
desired response at time ¢ (the real system output) and y(7) the
corresponding digital twin output. The steepest descent method
uses J = E[|e(i)|?] while the LMS simply J = |e(i)|?.
Unfortunately, the basic LMS rule works on a sample-by-
sample basis, preventing the use of efficient techniques like
the FFT that operate over blocks of data. However, the use
of FFT is particularly desirable because the NLI involves
convolutions with filters that may have a long duration. A
block-LMS appears to be the most logical solution to this
problem. The idea is to update the taps not at each sample but
at each block of samples (mini batch), chosen longer than the
system memory, so that FFTs can be utilized. Nevertheless,
the error function J varies across the block, hence it has been
recommended to use averaging to get a unique value [22| chap.
8]. Using k to indicate block index, we thus use the following
updating rule:
u L-1
w 1) =w(k)—-= L+

(k+1) =w(k) - 5 ; VJ(kL + i) 9)
where each block contains L symbols. A significant distinction
exists between our proposed block LMS and the conventional
block LMS [22]: the former addresses a mixed space-time
problem that is time-invariant but space-variant with respect to
the key variable under investigation. Our goal is to leverage the
time-invariant property for efficient operations by expressing
both the digital twin output y and the tap update rule with
optimized computational methods.

We begin our analysis with y. Thanks to the overlap-
save algorithm (see (I2)), we have the following relation
between the analog signal (3) and its discrete counterpart for
i=0,1,...,L—1:

(1 @N (g @ A)) (kL +0)T) =
<gz,pad ®N (hz,pad ® Ak))

where we converted an analog problem based on linear
convolutions ® into a discrete one using efficient circular
convolutions ®. While we refer the reader to Appendix [A] for
more details, A, is a vector resulting from the concatenation
of the symbols in block (k — 1) and block k, subsequently
upsampled by a factor NV;. “val” refers to the not-aliased part
of the vector, while “pad” means zero-padded. All vectors are

(iNy)

val

of length (2L x NV,), where the factor two is consistent with
the block concatenation. Additionally, we observe that we are
employing multirate DSP, with increased sampling frequency
to handle optical fields and downsampling by a factor of N;
for the final output.

To simplify the notation, we introduce a vector containing
aliased and non-aliased samples:

U 2 (gz,pad ®N (hl,pad ® Ak)) (n), n=0,...,2LN~1

and exploit the properties of the DFT to transform (8) into:

val
i=0,....,L—1

M—1
n(i) = (DFT_l [ > prwi(k) - DFT [Ug]

=0

where wj is the [th element of w. Note that we return back to
the time domain only after having computed the summation
in [, thus with only one final IFFT. Finally, the computation
of y(m) follows straightforwardly from (7).

Regarding the tap-update rule, the LMS transforms (9) into
[22]:

w(k +1) =w(k) + uRe [v(k)] (10)
where v is an M x 1 vector whose jth element v;(k) is:
L1
vi(k) = > ei(i) (95 @ N (h; @ Ay)) (iT)
=0
L—1
= cid) Uji) (i)
i=0
2LN,~1
= €kinc () Ujk ()
n=0
1 2LNc1 .
= 2LN[ Z éz,int(f)U]k(f)a J :Ov]-v 7M_1

where ey (i) £ e(kL+1) is the error in block k, tilde indicates
DFT, and we used the Parseval’s theorem [30]] in the last
identity, which is crucial for an efficient implementation. ey, jn
is a vector resulting from upsampling ey (i) by a factor N
and subsequently applying zero-padding specifically at the
indexes where Uj; contains non-valid samples, allowing us
to process the full Uy, vector rather than the subset (Ujk)val
and thus the use of Parseval’s theorem. This approach allows
the computation of g; ® N (h; ® Ay) in the frequency domain
in the local kth window, thereby saving M IFFT at the cost
of one extra FFT for ey, jn.

We found it useful to update the eRP correction ¢ in-
dependently of the taps w, with a new control on its step
size, called po. Hence we treat it as an independent finite
impulse response (FIR) filter with one tap, ¢, whose update
rule follows similarly:

L-1

p(k+1) = p(k) + poIm [Z ep(i)a(kL + 1)
i=0

Y

where the imaginary part is due to the j in front of ¢ in (7).
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Fig. 2. LMS block diagram for monitoring the longitudinal power profile (represented by the filled taps) at coordinates z;. The dark circle with a light ring
represents FFT, while inverted colors indicate IFFT. An equalized replica of the data, d;:q), is a concomitant outcome of the monitoring procedure.

A. Block diagram

A block diagram of the proposed LMS power profile
monitor is shown in Fig. [2] The Rx block at the top-left corner
outputs the received noisy symbols from a typical receiver-
DSP including matched filtering, equalization, time recovery,
frequency and carrier phase recovery. The Rx symbols are then
buffered into vectors

dj, 2 [d(kL),...,d(kL + L —1)]*

describing the blocks. These blocks are then concatenated
in pairs, i.e., [dx—1;dg], as per the overlap-save method.
The block length L must exceed the duration of the system
memory, which is set by the duration of the finite impulse
response (FIR) realization of GVD and the matched filter
duration. As a rule of thumb, the memory that GVD adds in
a fiber of length z is the walk-off between the extreme signal
frequencies, estimated as 27|32|z/T? symbols.

The module “dec” corresponds to decision and potentially
includes forward-error correction, provided that its challenges,
in particular latency, can be addressed [31]]-[33]]. Then, the sig-
nal is upsampled to create the vector Ay,. We used upsampling
by N; = 2 samples per symbol, which is enough to capture
the pulse bandwidth. It is worth noting that aliasing occurs
within the nonlinear block when the pulse roll-off is greater
than zero. However, our results with roll-off of 0.1 did not
show any significant aliasing.

After upsampling we use FFT to move into the frequency
domain, which is shown as a violet circle with a yellow ring
(and an inverted scheme for IFFT). The corresponding DFT
is then propagated into the digital twin through a sequence of
parallel “linear+nonlinear+linear” branches at the heart of the
RP approximation, as explained in Section Each branch
contribution is then weighted by the the corresponding tap wy,
which is the primary objective of our algorithm. Note that
we return back to the time domain by an IFFT only after
summing all the NLI contributions in the frequency domain,
thus significantly saving on FFT operations. This is possible
because we calculate the error function that drives the LMS in
the frequency domain. Similarly, we performed a single FFT

of Ay, at the beginning, thus limiting the computational effort
to one FFT and one IFFT per branch.

After returning to the time domain, the aliased samples from
the overlap-save algorithm are discarded (operation indicated
by “val” in our analysis), and the signal is then downsampled
back to one sample per symbol. We thus have an estimation of
the SPM NLI within the kth block of symbols, indicated
by nj. We then remove n; and the eRP correction j¢ from
the received noisy symbols to obtain the cleaner signal d(eq)
as we have effectively created a spatially resolved Volterra
nonlinear equalizer that functions alongside the monitoring
device. Finally, we calculate the error e() d(i) — y(i)
for each index ¢ in the block. Notably, the error can also be
expressed as e(i) = d©P(i) — a(i), establishing a direct link
with the equalized signal. Block-by-block updates are then per-
formed for both the eRP correction and the +' coefficients, as
described in the previous Section. Note that the last operation
exploits a frequency domain computation after zero-padding
and summation thanks to Parseval’s theorem.

Even though the block diagram refers to a single signal, with
dual polarization we just duplicate the operations. However,
if PMD and PDL are small, we recommend leveraging the
correlated NLI in the two polarizations by averaging their error
functions to mitigate the noise.

B. Polyphase implementation

The upsampler and downsampler can be removed when us-
ing a polyphase implementation with additional parallelization
[30]. Figure [3 illustrates the equivalence between a single
branch of the digital twin and its polyphase structure using
N, 2. The impulse responses h’ (i) and h7(i) contain
the odd and even samples of h,(i), respectively. The main
advantage of a polyphase representation is a reduced sampling
rate (one sample per symbol) achieved by using smaller,
parallel filters instead of one large filter. When using the
polyphase structure, we can also remove the extra upsampler
of the error signal in Fig. [2| thus applying Parseval’s theorem
on the DFT of a signal sampled at one sample per symbol.
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(b)

Fig. 3. (a) One branch of the block diagram shown in Fig. 2] (b) Polyphase
implementation of the branch. The two structures are equivalent with similar
complexity; however the polyphase one works at a halved sampling rate.

IV. NUMERICAL RESULTS

We tested the proposed LMS algorithm on a dual-
polarization 16 quadrature amplitude modulated (QAM) chan-
nel at 64 Gbd. The “real system” was modeled by a numerical
simulation with the split-step Fourier method (SSFM), by
launching sequences of 65536 symbols shaped with root-
raised-cosine pulses of roll-off 0.1 into an optical link with
100—km spans and lumped amplification. The SSFM step was
updated with the constant local error (CLE) criterion [34]]
with a first step of 200 m. The optical fibers had nominal
loss coefficient of 0.2 dB/km, dispersion 17 ps - nm~'km™*,
nonlinear coefficient v = 1.26 W~'km~!. PMD and PDL
were absent. We assumed the LMS to have perfect knowledge
of the fiber dispersion and of the Tx symbols (except one
result). However, methods to track dispersion mismatches are
available when span lengths are known [35]. To test the
monitoring capabilities, we inserted one or multiple lumped
loss anomalies at different positions of the link depending on
the setup. Since ASE, cross-channel Kerr effects, and receiver
imperfections all act as noise for the algorithm, we simulated
them through receiver noise loading of an additive white
Gaussian noise (AWGN) source, r(t) in our analysis. The
noise was added to the sampled signal, using the signal-to-
noise ratio (SNR) as a control variable, following the standard
approach in adaptive filtering literature. We used a basic
matched-filter receiver with GVD and average carrier phase
recovery.

We started by testing the algorithm in the absence of noise
to test its capabilities. We analyzed a multi-anomaly case in a
single span, including: i) six loss anomalies of 0.25 dB each,
and ii) backward Raman amplification. Signal power was P =
5 dBm, while we iterated the LMS over 1000 independent
realizations of the real system. In (@) we used p = ji/P5/?
with i = 0.05, where the normalization to P%/2 is an attempt
to establish a general rule of thumb. The scaling was motivated
by a predicted scaling with P? of the NLI variance [26] and
a scaling with P? of the error variance on the (normalized)
constellation. On the other hand, in we used po = 2 -
10~*® with ® the average nonlinear phase accumulated in
the link. The spatial resolution of the digital twin was 5 km.

Figure [] shows the true loss profile and the predicted one
by the LMS algorithm. The match is excellent, with a slight
overestimation in the low power regime, a problem common
to any NLI-based technique where the useful signal is soaked

in noise.
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Fig. 4. Top: A multianomaly case with six loss anomalies of 0.25 dB every
15 km. Bottom: net loss profile in the presence of backward Raman pumping.
No additive noise.

Like any LMS method, the normalized step size i is a
trade off between speed of convergence and accuracy. To test
such trade-off, we analyzed a three-span link with anomaly
of 1 dB after 125 km, hence roughly after one effective
length in the second span. In this simulation we employed
an exceptionally low SNR of 10 dB to stress the behavior
under an extreme situation. For reference, a 16-QAM signal
in an AWGN channel at SNR=10 dB has at best a mutual
information of 3.27 bits/symbol, smaller than its 4 bits/symbol
nominal value, thus requiring a forward error correction (FEC)
redundancy of at least 0.73 bits/symbol. As a quality metric,
we estimated the root mean square error (RMSE) between the
estimated profile and the true one in dB scale. As observed
previously, since perturbative methods fail in the low power
regions, we decided to reject results at coordinates with a path
loss greater than 15 dB. This ensures that excess errors do not
undermine the meaning of the RMSE.

The RMSE is shown in Fig. 5} To provide context for the
RMSE, keep in mind that knowledge of only the nominal loss
profile excluding anomalies yields an RMSE in this setup of
0.5 dB. We observe an improvement over this benchmark, with
the RMSE eventually decreasing as the number of samples
increases. The estimation becomes unstable at i = 0.2, even
though it is able to converge reasonably well. The figure
confirms that & = 0.05 is a reasonable choice, whereas higher
values exhibit oscillatory behavior, consistent with the fact
that LMS convergence is guaranteed only in mean-square
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sense. It is worth mentioning that while any starting value
for the filter taps is feasible, different initial setups will result
in different convergence rates and paths. In our simulations,
we initialized the taps with knowledge of the nominal fiber
loss, which allowed for faster convergence than a random or
zero-initialized start. This choice reflects a practical operating
scenario where the algorithm runs continuously throughout
the data transmission, making any initial transient of minor
concern.

-
(3]
T

RMSE [dB]

o
]

0 1 1
102 10* 108 108
Number of symbols

Fig. 5. RMSE vs. the number of symbols processed by the LMS algorithm
at different normalized LMS step sizes . Three-span link with anomaly of
1 dB after 125 km. Taps initialized with the nominal fiber loss.

To test the performance against a single loss anomaly value
or its position, we varied them in the previous three-span
system. Figure [6] depicts the results in terms of the RMS
error, which is still restricted to losses smaller than 15 dB. We
observe an excellent behavior with respect to both variables,
with minor impact of the SNR in the selected ranges.

Next we tested the impact of the signal power. Figure [7]
illustrates the algorithm behavior, both in terms of the RMSE
and SPM compensation capabilities. Here we used SNR=20
dB. The primary performance metric, the RMSE, is shown
on the left y-axis. We observe a failure of the method at
very low power, where the residual noise dominates the NLI
power due to SPM. However, it is worth noting that the
algorithm is capable of detecting the useful signal, SPM, even
if the SNR associated to the residual noise is smaller than
the SNR associated to SPM, as visible in the right-axis. We
also reported for comparison the SNR of SPM after nonlinear
equalization, hence by computing the noise power on the
residual NLI of d;:q). We observe a significant reduction of
SPM with the chosen grid of 5 km, highlighting the potential
for SPM compensation performed together with monitoring.

In another test we investigated the impact of the spatial grid
used in the digital twin, see @ We estimated the RMS error
vs the number of steps per span in the three-span system,
here at SNR=10 dB. The result is shown in Fig. 8] which
we remind is based on a mid-point numerical integration rule.
The anomaly was at 125 km. Clearly, we see a decline in
performance with fewer steps per span. The explanation is
related to the the digital twin’s inability to reproduce the real
system. Therefore, if computational complexity is a concern,
it may be beneficial to explore more efficient quadrature rules

0.22 -
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SNR=30 dB
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Fig. 6. RMSE in the three-span system. Top: single loss anomaly of variable
magnitude located at 125 km. Bottom: loss anomaly of 1 dB at a variable
location. The lines are interpolations to guide the eye.

RMSE [dB]
SNRg,, [dB]

Power [dBm]

Fig. 7. (Left) RMSE vs. signal power with a residual noise SNR of 20 dB.
(Right) SNR associated with SPM only experienced by the detected symbols
dj, or equalized symbols dg:q>. The results are for a three-span link

for numerical integration. As a rough estimate, we observe a
severe degradation of performance around ~ 14 steps per span
(step size ~ 7 km), corresponding to a phase shift of GVD in
the frequency domain of 7 at the signal 3dB bandwidth.
Having tested the algorithm in terrestrial links, we then
moved to a subsea link. We examined a transatlantic 86-span
with 70 km per span (total 6020 km), with two loss anomalies
of 1 dB at zero and 5950 km, i.e., at the beginning of the first
and the last span. We changed the link parameters to suit the
different scenario, hence we used dispersion 21 ps-nm~'km™*,
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Fig. 8. RMSE vs the number of steps per span adopted in the digital twin.
The results are for a three-span link with a residual noise SNR of 10 dB.

nominal loss 0.155 dB/km, v = 0.92 W~'km~!, and channel
power —1 dBm. The SNR was 10 dB, a realistic number for
such a system. Figure [0 shows the loss profile estimated with
the LMS after 32M symbols and the true one, observing an
excellent match. It is worth noting that in this ultralong case we
had to reduce i to 0.01. In the subsea case, the computational
effort is significant because both the GVD memory, thus the
block size L, and the spatial grid size grow linearly with
distance.

6020 km

@ p ((6))>

(v @ @

1dB 1dB
0y !
-2 ‘
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Fig. 9. Subsea link of 6020 km with two loss anomalies at the beginning of
the first and the last span, respectively. SNR=10 dB.

The previous results were in data-aided mode. To check the
impact of wrong decisions we tested the behavior by feeding
the digital twin with the pre-FEC decided data. As a quality
factor, we evaluated the RMSE versus symbol error rate (SER),
as shown in Fig. [I0] The SER was controlled by varying the
residual noise SNR. Here we analyzed a 10 x 100 km link with
a loss anomaly placed at various positions, z,, in the figure.
The results show that algorithm performance worsens as SER
increases, regardless of the position of the anomaly, with a
maximum tolerable SER of around 10~3. We thus deduce that
longer connections suffer more from this requirement.

V. A COMPARISON OF BLOCK-LMS AND LS

The LMS and LS algorithms represent two potential solu-
tions to the PPE problem, both relying on samples generated
by a digital twin. From a DSP perspective, the block-LMS

3 T
——2z__=925km
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25} _zan=525 km
ol zan=125km
——2z_=25km
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o

-

05f

107

SER

Fig. 10. RMSE vs symbol error rate. Decision-directed LMS without FEC.
Loss anomaly of 1 dB at different positions (zan) of a 10 x 100 km link.

algorithm offers a distinct advantage over the LS approach by
exploiting the overlap-save method, which requires fewer mul-
tiplications than batch processing. This efficiency stems from
the fact that FFT complexity grows superlinearly, O(N log N),
in the number of samples, hence, processing smaller blocks
is generally advantageous in DSP [22]]. While a basic count
of complex multiplications per sample for an FFT-based
convolution in batch processing is log,(N) + 1 when N is
much longer than the impulse response, this cost is reduced
to 2(log, (2N L) + 1) in overlap save. This results in a lower
computational cost whenever L is significantly smaller than
the full batch size.

In the LS approach, once the digital twin samples are
available, the corresponding matrix G is processed using a
large-scale matrix multiplication and subsequent inversion.
Following the standard formulation established in [J3], this is
expressed as:

w=(Re[G'G]) 'Re[GTA,] .

The matrix G spans both time and space, where the temporal
dimension accounts for N; samples per symbol and the spatial
dimension includes all coordinates. Consequently, its size
grows rapidly. For instance, in batch processing of LS, such
a matrix can exceed 20 GB after only three spans [36].
Moreover, the matrix multiplication in GTG necessitates extra
memory for temporary storage and involves some computa-
tional overhead unless specific optimizations are employed.
In this regard, a promising approximation for such a matrix
and its inverse has recently shown encouraging results [37].
In comparison, the block-LMS approach does not require such
matrix operations, limiting memory overhead to overlap-save
vector buffering, which remains lower than batch processing.

Conversely, the primary advantage of the LS algorithm lies
in its independence from tuning parameters, except in low-
SNR regimes where regularization may be necessary [38]]. In
contrast, the LMS algorithm requires a careful selection of the
step size p to ensure convergence and stability.

While the LMS algorithm is intrinsically adaptive, the LS
approach can also be implemented adaptively by appropriately
averaging multiple batches. This approach maintains a rea-
sonable complexity compared to more sophisticated recursive
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techniques, as the recursive LS (RLS). However, it is worth
noting that a simple running average may not represent the
optimal strategy for this purpose [23|]. For comparison, we
evaluated a baseline LS implementation using a running av-
erage over batches of size 65536 samples against the block
LMS used in Fig. 5] with i = 0.05 at SNR=10 dB and 20 dB.
The resulting RMSE is reported in Fig. [TT} This comparison,
rather than providing an exhaustive benchmark of both algo-
rithms, aims to demonstrate that the computationally lighter
block-LMS achieves in the three-span link under analysis a
convergence performance comparable to the LS baseline.

2 1 1!
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Fig. 11. RMSE vs. the number of symbols processed by the proposed LMS
algorithm (& = 0.05) and the LS algorithm with batches of 65536 samples.
Same three-span link of Fig. 5] with SNR=10 dB (top) and 20 dB (bottom).

VI. CONCLUSIONS

We proposed a block LMS technique for monitoring the
longitudinal power profile of a fiber-optic link. The proposed
technique is efficient, based on a full digital twin of the link,
and is adaptive by nature, using a stochastic gradient descent
updating rule based on a technique in the frequency domain.
We process data by using an overlap-save algorithm, avoiding
the need for batch processing of large datasets. The proposed
method leverages the main advantages of the LMS algorithm
in the context of linear adaptive filter theory, like its simplicity
and small memory footprint. Compared with the least squares
method, there is no need to invert a large matrix. The proposed
method is able to identify multiple loss anomalies without the
need of a calibration stage.

In its current version, the algorithm just requires knowledge
of fiber dispersion. Future research will focus on expanding
the digital twin to include more complex optical devices.

APPENDIX A
OVERLAP-SAVE ALGORITHM

In this appendix we review the basic properties of the
overlap-save algorithm [22], [30] and specialize them to our
framework. Let y(z) be the output of the linear discrete
convolution ® between a FIR filter of L samples and a longer
signal x:

y(i) = (h®@x)(i) = > h(n)x(i—n).

The overlap-save algorithm is an efficient method to compute
y(kL + 4) for a given integer k¥ and ¢ = 0,...,L — 1, i.e.,
to compute y within the kth block of L samples. The key
relationship at the hearth of the method is:
(h@x) (kL +1i) = (hpaa ® 71),, (), 1=0,...,L—1

(12)
where ® indicates circular convolution, zj, is a vector of 2L
samples resulting from the concatenation of the input signal
in blocks (k — 1,k):

vy =2 x(), i=((k-1L,....(k+1)L—1. (13)

The subscript “val” denotes the valid, not-aliased part of the
circular convolution result, which corresponds to the latter half
of the output vector. However, keep in mind that a processing
delay is inherent when, like in our case, the digital twin models
the real system using a FIR implementation of non-causal
filters. hpaq is:

h(i) i=0,1,...,L—1

(i) &
e T

(14)

Note that it is not necessary to split  into blocks of L samples.
Longer blocks imply redundant operations, whereas shorter
blocks reduce processing latency [22]. Setting the block length
equal to L is generally considered as an optimal choice.
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