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QUTLINE of the course

Part I
o Standard Monte Carlo (MC) estimation
« Importance Sampling (IS)
« the Multicanonical idea: Flat Histogram importance sampling {FHIS)
e Berg’s standard Multicanonical Monte Carlo algorithm (MMC)
» Berg’s Smoothed MMC
Part IT

o CDF method
o Von Neumann’s Rejection method

¢ the Markov Chain Monte Carlo (MCMC) method

- Hastings MCMC
~ Metropolis MCMC
— Convergence issues
e« MMC using MCMC
s Qutput-warping importance sampling (OWIS)
e On the origin of the name MMC: Berg’s physical problem.



FOREWORD

These notes contain my personal synthesis of a vast body of published literature on a new topic in
fast computer simulation known as multicanonical monte carlo {MMC). MMC is a truly innovative
algorithm that is connected to the well known method of Importance Sampling (IS), but does
not need a special knowledge of the physical problem at hand in order to find a good biasing
distribution, which is the true limit of I8.

The key tool used by MMC in order to adaptively generate biasing distributions with a desired
density is the markov chain monte carlo (MCMC) method. All papers I consulted on MMC,
reported in the Bibliography, delve into the machinery of the MCMC method, as if the true heart.
of the MMC algorithm were the MCMC biasing scheme.

My view is that instead one can explain MMC without the need of MCMC, so that all the
attention can be focused on the analytical connections between MMC and IS. Later MCMC enters
into the play, but its function within MMC is now clear and the reader can better appreciate the
subtleties connected with its use within MMC.

For this work I am indebted to Dr. Armando Vannucei, who introduced me to the MMC
algorithm, and his former student Ing. Nicola Rossi, who actively contributed together with Dr.
Alessandra Orlandini to many useful applications of the MMC to nonlinear optical communica-
tions. N. Rossi also pepared the computer code for the numerical examples for this short course.

I would like to mention that this course came out of my research notes on MMC, and that I
soon realized the importance this tool could have for the research of my fellow researchers and their
graduate students, That’s why T gladly accepted the invitation of Prof. C. Morandi, coordinator
of the PhD program in Information Technology at the University of Parma, to extend the short
lectures I gave to my small research group to a larger interested audience, notwithstanding my
still incomplete understanding of the global topic.

Hence please bear with me if many typos, some imprecisions, and perhaps even some mistakes
will be there to plague these handwritten notes. After all, it is from our very mistakes that we all
truly learn.

Parma, Jannary 15, 2007 Alberto Bononi
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Figure 16: Smoothed MMC, N=10000.

100 ..... T T - T T _600
= ==True PDF
— MMC
° Mc 4500
4400
E
o
[=;]
S
3002
B
]
. {200~
\\\
\\\
~Ss_ {100
~
-~
150
Figure 15: Standard MMC, N=10000.
Results of cycle 5
10° — — e — =600
4 : ===True PDF
! —MMC
107 Y © _MC 4500
-10 W
W : .44
10 A : 00E
! : ©
1! ~ 8}
p ! : -
10"5_ :| \‘—\—\ =3002(l_:)
2
it M 2
1072} . ! 2E S - J200”
LS N ‘] P 1 s
I" *'\c‘ :" :: ,‘ 1 \\\
amf - 1 ' 4 N
107} AN LSS %4100
. &! | ~
wa ¥ s'&'& .
1
, b .
1 e 3 "
0 50 100 150
Y



Results of cycle 6

1 Y —— 600
: \ - - - True PDF
1 MMC
107 ! ° MG lsoo
b
H :
10| o |
10 i e 400
4 : o
o~ " ; [s)]
E s : H : 2
"L v o [
a1 1 i 3 300
o o i ! s;‘ :g
[ 4 B K7
_20 Sk : P! Sa =
107} S S it ~ 1200
TR i .
g 1! “e
_ast " :;‘ ¥ | : T
10 "Thimet 3 ‘\( t i 4100
i Wy I_'.E‘ . ‘| l.l' \\
1 u'-‘(' !‘l-.
L& f .
0 50 100 150
Y
Figure 17: Standard MMC, N=10000.
Results of cycle 6
0
§ - --True PDF
MMC
°_Mc {500
1400
E
g
o
o
1{300¢
i
&
'~ {200”
-
-
‘\
-
-
N6 4100
A
~
150

Figure 18: Smoothed MMC, N=10000.



€ Hect of

Results of cycle 1

c7 cle gi2e N

Results of cycle 2

150

10‘“‘ ,“,\‘ - 10“0_ \
E . R
L0 e Lo
o . [
WO e ‘...‘ i 107
——-TmePDF : . == True PDF
107 == MMC with 10° sampleq - : ‘\;_ 108 ——MMC with 10° sampled... . . .. ..
—— MMC with 10" sampled . ——MMG with 10" sampleg
- —— MMC with 10° sampleq - —— MMG with 10° samples
107 50 100 w0 Vg 50 100
Y Y
Results of cycle 4
”| 10" ,r\ s
. 10'“’. -
| Bl :
Fal H
a s,
J 107 . ]
~--Trus POF .. T Tree FOE
102} —— MMC with 10° samples. . e Tred 10| MMC with 10° samples; . -
—— MMC with 10" samples : . —— MMC with 10* samples -
- —— MMC with 10° sampl : o ——MMC with 10° samples ‘
10 r i 1 '
0 50 100 B g 50 100
Y Y
Results of cycle &
™ 3 10° e ey

T TuePOF .

10°2} | === MMC with 10° samples|- Tagd
~—— MMGC with 10* samples *
o] [ MMC with 10°
075 50 100 150
¥

= ==Tme PDF
107} | ——MMC with 10° samples A
—— MMC with 10" sampies S
o] [ MMC witn 10° samples
19 :
0 50 100 150

Figure 20: Smoothed MMC: Check effect of block size N = 10%, 104, 105,

Tt I cleorthot JmooJrL\CJ hnc “olf\'afl} /f’m ﬂl% D%%J@fc]
hne, Lok wih, ?/wﬂ%,p swosthpes) |

63



E'Xefoffﬁ J PK;V(’ H\:ﬂ‘ lafo{‘ ,&\,\c arc@w%\‘wamim F,h M (44 c)

with bet Wfﬂfﬁ’ /3\,,,); i (41d) har he '{o”bh/f‘fl&
Upclo/('tz

A 2 a ~
PW = /SM—-‘.'){ (1- 3,.4);) + 5M)i Om,i (44 e)
whach, as An (44)/ tramrates b Hhe u[;clvh;

A M W1 R i Al - ?M/l.
(41£) FY (Miﬂ) ) { /p}(( (i“ﬂ) (1 2%) HT, (lee_ﬂ)
Frt LR e ()|
.M’_te. - Trovble j5 thet %héit.e\"gﬁ'm
& ) 1
Vé(‘ [la} (ﬁ} M_/J;)) J (42) ({?%E //\i(n) :
)

s vay bod when BrCh) » E0019)] T (over-olatend
sy VAl ), o that (444) Bves mmvcky worse estiuhion
Thon bef?wg a]ﬁofﬁl‘)«m(éq)/ whei 8’";" =
cou,\);u?‘eJ 5J )}@*@6)6

-
A

A
Yar [ ‘S"”)ﬂ



o Lq everdting {X;] with given £

Jo f2r e o aumed e kuow howts ?mhﬂi Impls {Xs )
froam 2 Kuewn PDT /?Kx(_x)_ {.E]DJ‘ revi )7 2
IR 3wtfa‘f‘m§' et df

@) CDF method

e 'Pr:;_r otnd cow's o aevailable

ﬂ‘ f\
A4

] — Tf taKe Un uw&ém[‘aﬂ/ wd
7 4";(49 Comylﬁc Z - ‘Ej(U)

. i [

>,k. Than < hes OO Fx()V

. ugrfﬂdk/‘)'t AM{J al hbi(_ bvl'“q F;((u) \/Qja/ﬂ A
(o ol 55‘;'4) : o=t m Sx

Trnowrcase o . W?}
{(w
“E; (%) = ] ;ﬁ;zmi) Ju’ = '{\( (7(’) Ju’ ( 4 8)

C('h- (w1

At azcty (?W‘tof?&fy/l} meed ‘st ? eyalungtion of fjf;(“j
tor w3y pandy x/ 1o ot fuiberaf . When x'c g | theu
meed &, Wmawy C/J’iwubfh“oy" Ef:ﬁ({f’/} o buld wv (1 v enmsion]

B{?L Bﬁg “FX%()?_C); (Nr)cl ' /

’




@ Regechinpaed Lot p s

' ¥,
Wank 1 pemerse. an Ry Xxw:\‘h desived DY fx (’1:)/ ;Ta,},-%
'P/‘ouz\ =" 'W\acl/u'uc {'L\&+ a—enmsr%/f RV X wl%l]/\ PDF %)x (’x)'

The Adea s & chwre e ouiteble eveut /-‘[/ ol Fhot
| {;(k) = Jf,‘(’klﬂ) (49)
Frowa W\temud 9/6 Cquda\‘f'\‘ow‘u ) ‘H«U}Jj obt‘a/ﬁdtc’ 67 ﬁel/ttfé’h‘y | .
Jowple 4{:\,\ qu(-)/ and kefprg[ it ot H s and rege ofing
A+ otherwife. X at speehe ®
! C\eedy Frou(g9) cdun ou(;r 3""%@ PDFE s «(;( wivdy are 2erolhouever
/Fx(a’\) ) ?e:‘a) Huce »ﬁ«ﬂ\wjf Cox. alp “[x (Qh‘l} =0

4
- D we cam Wer 7 huk

X
«Q( ) q cannof ‘f'évclq Q/Z;E rof

NS N of £0./
) / ¥
'4 N \/ N . >k

jvm’bk Ther txiste o C\<007 o Hhet ¥

A2 b e d
A= dagoo -
( WP coumat beJorgerthond fon A 'k) . Then
/ Rq ecton Thesrew f
Let (Un vmwtrlsll /31; A'mJg/y%Ja/ufrf X]/\avu'w} amgped ‘#X(’k}
T]m%\ evenh A
/1 { Vs WH} (52)

45 wwi Thot f;(('k) < —€< (1)



Reje Qi—'ro\/\ ]’1 ac lAA e

5¢L



Cro-4 757 z{méap.
f (’kbt) — {4 fx (%) N O g1

o e,lk

Regi-n { <2
ﬁ “ Wix) -d

Cor/tj‘PvuJ 5 r C\/CV\V‘[

A

-I-M;Yv’;‘\mu event (k\()(<’k+<‘b< H

(ts Pr.-.ba‘m&? Ar Voeuw«c Unden "
A

U wegd
Ff\—;w\ L igure, ondeavtand that
P{Q<X < 4% 7\} = dx- [Mn d] - fx(ﬁ?) \5-2)
\—w—h/

— /

lgg.rb’ h&:;fn*

M=

AO]JAM} UF al/f +l&-¢9)€.4h'£lw+&flwc’]‘\/o&,lmq Ve
77 PlacXcmny- [| 4 - _M I

— 77 (us A 4 » 419

Y(n) ‘“’
chn).; 4 fo*(*)o?« - g\ (53)

4yd o | FLX( X<7¢+Jx[h)M
-FX(’)?]T\)C]X = P4x<x< % +dx ﬂ} / Jc‘(mﬁhm
?(T\} Md1+| 21 c]eufﬂ‘7
o rw) g p (%) dx
- w(x)\eL
~d_ }



Note B oy, Vo L]0 < d 4)
brency /1”;('?‘)0’% \Y d/pw”“"h‘ => | d>1

W ——-\/'\_/7
1 1

Wote ¢ 52_WLP)¢9 F N X avc acc_ejaf’ec’ with 6-»\((54;,) P/‘ab&l?f&”’? P(n)
md reJeded otherwive, Mymber of genersed

1o ?4/(‘ oMe -mcelf (41—, bUc. .Paw_rﬂ of X"r) Ar +Hhwy ?Lomcf'f\'ca%

d/tﬁ’rubotd/ wih Aeou

E[‘l?fa/lf arfs 4 Jucccjj] _ 4 = Cl

o ' P(n)

,f o AR RN

< >
N ‘|’ e '[ S fauAP(w
?<4 ?<'L ?(3 N
Mot : An fltic (m) , Gy AT
e > / « () = wff(("‘) = W) = C- T(ﬂﬂg}}
-3 (nt)

Qcmcf‘aﬂ?:c] thl );W %P\( {;('X)} A?’

L/—Faf‘ tadh P/*'Jr-fa( X;y/ wwt pvalush Ya-sﬁ()@}/ Fheu acr:tp}' s
E4 [f’”vvu('?_")_l ARS _,j__._.__ and rt:jccf' A'Jr u“«f/‘wl'(ft_

W(X‘J)é _ ;.:rYn-i)
d as P larpft volw of 4" _ A
P w CR ey g] L
Ae J - A . A (‘ i ’i”" &r‘c' y;h > Y

C'f)w. Qr‘F!M e

‘ ~ ~20
| ._E_Zi wezXplore yampe  yeloe]  and PO goay oom T Em,,ﬂo

Heme | ) 49
A’}#Wl?"].{_,/\ifaw)g(e_ s ds‘ "'—'—-Z - /{/O
A0 {7
/'
’ylo"' NQ% /‘ac{")'(a{ 'V
We need o mare. eh{'}@“%(ﬁ?immﬁgw Wﬁflwfp

&



&TCCT\Q"V\ Naclune +~ UWIS

eight A7 wix) - GOY) «t e

[ ! '
S T
b rmpdfm 14 i itas

‘WO{—MCCC I'(QV7 t:
Know dgw\;?/\mf[bf}h
wn STk space i
J’u‘ﬂ' MELJ ’tW:
(Ejr _e—ci(:/‘{q ):V::ij' /a(’)c}/
;f Wik doman DJ
ﬂ'é@edM8J’/ and vk

ﬂ/vc 2 )w NI }
I3 (A
W (%) = Ce@(ﬂ;)

> Com 3bfrb normalaohk
ConVromt juisida Oowaw\-bﬂ

cj,—’ C’ﬁcl

¥
X" x

B> How do we cheo e 17
Tt faoold be Hhe .
swllea” v o fa/b.f(y
Vi (%)t el

/{
e — i.__-—
v Gew $ 9 = rof’ |
| - 2 373') w’j’ﬂ
)

535



@ Merkov Chaim Hont Carlo (HC rlC) metho J [ﬁrf? Lo 198
H24 ma; 'fc"?

Ta s {Wkpfin(‘f {r LB+W\6MT Ourpai‘c_ we &{J(Jej{'\'%( —[—L\ JTﬁLJP?q/ sht
we thoy know PNF )’*(Dc,)_

L L X
A !(aq,dx % thot we would ik +5
o ?’* fg""P""ﬂ from .
"‘Ji;
Ax

The 4.:]f-a As to gk ovr )'?WP]“i/ from 5 Jtdha‘)‘hcmach.ue, thot
- oVt Pv’b‘ 5 ‘We u\OV7Im J"—e.?Vt‘.uq
X an { K, M71}

Ae. a direlF e
wmarkev cham (b c)}

whofe JTEADy 1At Jiotrrbutio L}
7 | CO,"\C’JJC/) W\-H/\ -’H.t_c_-,[mi)"eul{fxf\(’t\)}
, A DTHQ— AS Cl/lé)"a C*‘U!‘Q'CJ b7 j"":f ijh'ah ;M/\G"Lrix ? = { ,I}/

A

Xort]

-
\
|

|
)
)

p—
—

SRR 1) R S U R N
The sTeedy-gist Jotribotion 2 e,iamVevf;nof P whh &ﬁéWVD‘LM.:( :

(59 | Pw.aw .
- - ’-ﬁ((xl)

— P 4
Lh oo cone velook o T auckcthat T 7|y

)
y

(ALOIKEW&MLJ@\<Q ? & howe 0‘)4‘7 ove. "ﬁ ol ]Lha,q.L+M ;“F

od Kn, colt j¢ P .| Pl Xw? "13 comverse, & ’IT
/ - Ph Xup ¥ "

y
{

Ae. ({dm P(m) = 1T = f::‘

Lo 7 S mm7uvr‘c DTHc be @ryodie .
(9

(55)




Clear 17) Therc gpe Awimﬁe_]? e 1»17 P E Ihok J@T;j{7
(56‘) ‘FG"' o C_\lef;:'uytcj —‘I Efx')‘ ' =

A S’iuftp?t wlutoy is Bond 5/ V‘ﬂﬁw"""r"'}f"mjf the DT
%; Tiwme reVeribl R

T fact o mecenony and bl cleut condotion ‘(""TL“W‘“VEV-:{%B&%
A '}'hg/t-/ 37"0(}4(7 6’5 (ﬁa’ﬁ{)aq)

5§ Pre =157 j@
(9 Tl T_:f/

PR Ky}
?{XM" s -7 %5f

Huw ameany that afr"c? b g*én’m»/ the prob ob 6&% gt %< ot hue
"thij dud MvV\}tL ‘I':. ?CJ- a‘l‘ ‘hw».fm maunt MG( th f‘e,verh. ﬁawu“h‘ow

Gciuapf\bu}(E() sre how e JeBrunme M oum om ko / B,J.};

\ P \ = W 411
A hu&g——m\/emlgﬂ aham AT Grﬁa&c, [LeOuCu’eraa "¥ bab]&%,_ 4}’#2'%[&7]

——— —r—rr—

DE be Ufc{u/ N a J’am}?k ?mere;@\,,uouw ﬁu]h‘caumtm{
A‘%af‘cﬂ/ﬁ\ft. faiw; Fhe HoHE Shovld have & meoliawiun
= Liud $he. ?J’OW e T E«%) oF cady HHC 4+r/>94io\/\ mn
" A onsbrd2 57m%3kaawwiq Frow Phe dogfred P:'h)/ e
Shovld e, e wad& gt -
) P

This s sctieyed by e Hostings HeHe methed (19%)

)




o/ Hvajh'l/\aj T’IC_‘HC[

Civen a derived Pk il H’?JTIMJI e thod findy 4le ltﬁwﬁ'm]
rawuﬁw Eﬂfog%&%w PAI (%0‘4 thaot P n Tﬂ) ol @ reven¥l,
DT"L( 9 o lls wy

b Stort it W?' Yousikou ualriy (:__9: s ("lq} ( 4cauc}¢c!%")

_ /
T cotat +he

g ?iCk TW:: Mvﬂ G<l' IK‘J) 3 ¢¢xplc.ra-"
Tk w37 k,g”m,Jrkair_f?tken ) N
—
a) MWy > chfn 7
or that

b) WUy < Ty ch

Ly cate 8) shold Jecrease mvnbes of -I'rauj‘ﬁwuf A >7T
(Q"Mc) [‘CQVL UM+9(JO’£NQ1J 'ﬂf\of't I-b/l) N t W efut-v&% 9?4\4(35)
How? "
e’)‘w‘/hu«n chary p et ? 2 mewe A >J/ e, afcej)bA(‘
with probabdly o ) and “redoslid (A ~—>A} otherwife

ey

Thoy A5 Ahewse 20 Ehob(56) as stisbied 2

T 9.0yt
\1—@—@ - Tl'-)' C?’i]- :> O(J-" = TGT.'.T < 1
P{%.1- ’C' ac.J-} e Tar

To feeep m/ﬂnw J—Pi uwu.m;ul/ wfe accff’f@qumép

©)



Thn C3 e \l,) vt

0(/‘,\}- 5 Tr/fﬂjl’ </-(. %‘; {X-J’Ao - i
iy iy

._7:'/] (ﬁ)mma ry g
{ , \ 4 (tXPbeor-)
For every trenrtton J =4 Tﬁﬁ)uf{o’ 197 e comdioli

M3, 0 e In @qeja@q Pwababr &er

Xir = uin] iy
N T Ty J
s th It have fyMH’IfJ red ng%;tlb? hth’g V[’«‘c}v\f 1‘{"1"0"\
rbol ek
P o ’Rij = GIU(XU @

Fuet /a’h‘f&(s{/ and thy pfboluq J“amyﬁq Xpy Whafe
a7mP'1;ﬁ-c ( M- oo, Jf‘eael7/rﬁc) doniBVan As ’Z_j‘/ the

denved one .

(@ Herc corractly
_ Qg &y o i4T
B =

7::“153‘1&[1“’(@) af A=

Llan lemendofion

We rbrt - unth o gven JINC maclune L ={7ig}

Yo .
1 N {94.7}‘(__]";;&
k.

mnd o 01\'137 it o bllews :

@,



_0
<
2
&,
e

H:uﬁ'wﬁ];
Maclune

> Metropsty

A5 g ﬁ?w‘a/ o9 of ,49)?'"‘3 e, A Winch ‘ha\]-s c[:u-
5o theat - .
o - Amiv 17y ) i]

AT Ty
i o
Aty (o) ) O () il

e R T/

g The biggest advatage of Netbspety (aud Hasbugs) s Phot
moﬁxmsb' %)'»E bl counwl ODT 3 4P z!]euwﬁ’h 5 Aned
™ oﬁl’x () u}? a morua&’%mo‘t cou/Taut .

€



Tutvition on ﬂ€’bopo€4’f

Weare at imem ot XT3 )S,}Foc?- LE /;; . 1 (x)
The CX\'JL}G:J‘ makz) o o |

e :S':"C Ky ( }
ik 4 A |

] I€ Tl; >h—]’ ')(4, xI x
prpAt sluspsaccepled (o524 p

e Clre ‘ch)Ja{ aa,e}yfzﬂ with Prbl;. i = T?’;i (oéekrah'g
J

b So UpWard mote, arc encovraged o Ciplore wae pf\:{}M@aM/
AMoc]a/] r&uﬁ{ of Tr¢z) /
> A b_{é{ J’U“ﬂ? ‘{; 3 va f?ﬂa ’:79071&13[ mM K T]'J- A5 At of fhe
Lwes Ve ected.
This 47 how Fhe conrect Tilx) s actiolly rawpled.

More on H{“cx )’Jloff ~’

A Fb/fth way - Afm)')kwxwf‘ ?'J‘ s OIJ;' '\Plﬁj

A'f’ta dLOO& ;
q{]‘: Pz("“'sf‘)
lDeiVlaZ 3 Mo Mtﬁ’:f}wc_ Jisoree RV with "'”hf"\yat"‘@ and

PHFE {Pz(k,)/ k=94%...) [ eg.ZPeloan (D) ]
N

H{"MCL Grom Kj/exlylorer\ meakq
S’?Mamcbn‘c oV emenly arowmd
T,

Lef- (]_2 ;be; H"Q'YEIIM U‘£ Z,
@ _ & . WMAII /{'MA!TEO’{“ 9—, 0; on Wolvewen! O{ XAM ?

B ac




A

h {

Tf G"Z f‘oo |g%aat/ warl Pfajpafa/,f e Yq%ffg and ‘H\&, 0’484‘\4 LW%
AoVe] | ¥

T 65 to fmah/ WGJ"“P’-"JDaJJIJ w't 9 Cc;)z{u:). bk
,cxrlo}q"um v{‘ﬂ'a’rt. J}’)?CL /l?f /va .

X whet 47 6 5o-d 6.0 For omi=medal dofnditin y Pfechcg
say! 65, Fhovld. b¢ ucts Hhet {a,q,{(r?”m rbe g5
(A)V\ Pa leh‘l/af{.:/ﬁ',) and . 50% L X ;‘caIQV\_

BAAr mulli—woddl (), 6wt be anorand £ Tomp”
be e tan 9%) heuvcy a(c?y?'wa Va'qE Cou bt mvoly lej_tl"

| , .
@ s b B .

= —




‘G_)\/ When A 2 2 Tty )waiemwﬂh ? (far‘ Jemy@v\% Eroun ”Vr(x))

X

. XM
P

M\f/bf\ A a iy

BN

- ——— =

'ﬁ'(x)

<

/il When Hie ‘hme._.k/t‘q {Xu,,/ W=y, A’} cll‘.flal:75 M)%—‘é,QTLWZ‘ﬂ
st the DTHC me}/ aund Hoa Hwme Weregey ome Cat ye hab)

Cﬂ]'wa‘i ’JMTD/T\‘C;»{ I}A}ycﬂh'ef ( E)QGoDrclTy), \Kw(cl \}ep_& Several
CyolmoafﬁXM U}o ) JOWVI ‘Pfaw\ MLOC]D‘{ vea .

- Whow Yo ds_cpin e 1iG of 6, i Bokes bougor & [ X o]
12 Coune beck & Mo okof ?ﬁ;/?té ( Xu e [ A]x “UZG\K/ '7)(‘*”}])'
We. wothesusticahy sy that ot Veobn Pr Snverse o
Ilowl- 7{; :q_‘ , Tor ﬁtw;-fvvrq wda; Pt au Floo ‘ijx
e Gou be aune. that FN%”E g

> DTHE hag buitt-An coprelativny . 58%})(% Ge mot

A’kaj? eudeut. Heute o1 wators ol -
Y ._,Mi4 T - A 2 4(%)

B Var[F] - 4 { VL6l # 2L " ufaleon)] |

\-V—\/
| " Feneall V),
@ 3 Fo uofeur@’ 7>°/ A-,iﬁi:;::,; ‘7



[Metrs Pa{«_'; ~rf_§'f’_c.'r‘cc_1 126:)]%‘-’1} [ Gaver's bookj
e )

(/Ur“,\ Wu”]_ Wm;jy{ ciijrrlbb’)ﬁov\j M()‘) ﬂ,\f Mc HC t)J.UA)/)(m‘
cou goh abiok A one BDE (or howp” of Hhe POF T )
ond Hwn A\Acﬂﬁfc_cﬂy fau,«f/h '{;qv«\ W) . |

TL\fc /‘llJc-e “H/xeu Af ‘iS Yf/)i‘eﬂ fle NChC QH"W‘ H ﬂvahw\j Ipf.;w
8 e oty 3 Fami‘ A orden 3 Ul s N o “of (2

%1/ Y
e Qﬁ \
tat|

B A€ verth vy ’)m‘uf s { *:)} are wt Pm}owf7 Olrofen y the. mw?’ﬁ?

a

Co MATJAJ’H% Mh T pK Xf")‘
o) |
=~ ™
Vi [
y

v \/\/K[/
 Does uek how W) 35 41 foud W, i Prbition |

To explaiw how & olroof { Xf*; ?foh} 5_\]/ Z myst
P badk Ha/ﬁl‘qu Fche. /

—t—— Smm— Srd———

> Imclei)ené]emq ahaing
T Iy a partionlr Haoﬁ'nd; hene, Ju wWheh The Caplorer
ypsfed f_f.)’EL

| . o . depeuds Solc :
(720) By W@ S

Where W 47 e dlerole RY rath PIF Pl and varina, oy
H&AC} P/bdd-ja’b { ?w} 2ve A‘-‘ﬁéef;ﬁueleuf (qut{Xu‘} Lecawtoﬂf

f'-eiTeC,'h’OM e ch 2l sua )




Hewel awglemeat He Ne,f/b/{@f.rt.jr oed veolont 20 Lillsws ¢

At Vbnm‘m@ o Yook of M Eome 9ty with 4 fow Va iave .
I EI ckfewaf ‘ﬁ’/‘fh’cf‘{?ﬁl and L\@VI"M(} reaoked Sl X,\M-:Ocj y
3t Cime mtt do ‘rhmfaﬂvwimaz

OLS

B> Select Hue mext Prb}%famfma a otsh- IMJC/)eMJcmL
ex,?]«rew {"%‘(J}/ with Aﬁ‘,‘] ’FW (i)/ LIWW‘&} ’afE
Variane 6}3/ amc] clo ﬁ@f?vod(.{jg ngl'{n}s YLJ£cﬁi;>M
bprd o Phe oddr ve bis

N .
o R-T %W _ WU
My 9y Ty fwt4)

O(II-:WM.” (i)ﬂ) I—C Qccejgf'c% Uf( 7(4 29 ]LL'L /]4&_&/ Oh{"l'y )f)qul‘f‘: |
x“ﬁi = Xoat "C,; ond ’J’t:.r)f 3 new b‘«o(‘/k fe M yrous

with {OW*VaftamcL u)?)orw { ‘10} .

Clye kf’,lr Fhe old fem})fc, XIM+1 = 'kJ-/ and continve
SeupCing b Jarss variana sowpler{F; ] for e
Eiwc (e& (Ml'f, 700 ﬁb+ = Iear?(; »TUIMF acc,?]l'cc[),
Then stert 2 new blek of H g of ‘{%J}‘.
T oM cases, o Cow.Eofﬂrh&\ ob whrequent bwey Hcnc
<4

a/léawHAm; t have Ehe Jowe T /e are mot alferin
rhe otea cl7—;)re/& steti rtveal propoties A P Jauplkd

|7 oces? 8§ We S how mc’;;f“_



COW}'}DJA:T'i‘M 6}1/\0] ﬂl%”’l{j [C(’((f\j !7076 P. 43]

The rationsle behind the Netrpely—vepeced vtk o fhe
£ lhowi W
T lasic RC hC/ Uf{mﬁ fhe dxfl/:\(‘vp H,'ﬁ aund the chexﬂr\fm wlp

bored on P oddy votve R = T U e are /f-wx)? ’cw\euh‘-ﬁ
iy 9ig
2 vevernbk DTNC \na\/m& tyovsiRow wadrix P auds +hot

Ym=m

Now tue counperihias ot 7absagueat times of d S Herent
qﬂcla‘ft wcchowing which /I'mdzv:cim/u7 wovld }of‘voluca

Framistiom oty ces f1/ ) fc'/ e 5(iVeJ He cow\)?ov]/\caz

T?am /H\'ovj wa’f/f)&
P=(%, - 21

Ttis wasy & jee st 46 G- dr M A, Hea Pr=1.
Cow»[)vonfrm )jfa JU\C",q a8 4»1514 —~ L’Ileoa-! neovs DTHC f’héﬂ' Cah\/e/;(w
”; ﬂ*(, CJ&J';Y'I‘-DI ’T_l- .

| W Asther Uj?%f“edhé’w“‘\ thaot |)fefervey T A CsunVey
WhX 115, which c-frc,f/)m.zf k ém%
d o
P- 2 9810 with Z3=1, %3e
= o=t = 41
It Oorf«zPanc,f & fc)t‘c{""’b( e j-th Uf?e/?t wH'«j;n., ba 55&’17 o
at each Gwe J"I‘Z:P* ‘

@)



SWJMW WJY‘] J HCHC [\/(O% {’t"ai/ TBL. S-MJCoLLjodhhg ]
TVl G w2 Jane 06 193

jlr,uu\ r’/dt‘/{’\o)q H/]a]L L\;Jg 1]')«; Ca}qpl;\re‘;j\‘7 p*g
s A fkéb{awmé K

A J’(wljld‘ A

{);ylar\' " gh s
n

J-Un%-k_ B focal explorer 4y % "{E(/ij} whicly §iv7 }zyﬂ:}?ﬁd‘ | Fhok
slowly v arsund. Theh 35 3 “}Lvéﬂé ﬂx}?loh:n . & {9

w)'H/\ — |
Tip - (U°P)up* L -p
T
L

pymniform 7 tnb.
ova [

Where e )79’ wnelr p AP )7/’= bab ﬁ.’if7 'H«aip e ‘f)fye“/b/‘/ G/" 1’-’*‘7‘\/1’\

e, oofes mot Pown Tl locaf *‘X}"CWD St fraun 2 apia

o)/.‘)‘?%buhow (hwq CHA A1 D kc ’e/‘?{ )'UIM}/U].

Ewmpinca] olwfee of p
' 7

Arrvme o d’:fri’whm T(x) el I‘Tadiﬁo zCe {—’

D har fius fumpsrtont repons By By with

'E'Q)U‘a'f{fm) ﬂ()()‘:r‘ﬁg 'b‘x€8§ %(‘CB'L

’ /

wx) 5 T, << 1T5 V“K G)d‘

W heu A )4/ Ancol 'f)f}aca/p(‘ yowaw) ah A.

W]w Au 27/ V7 Y 4 4l 5
leM)?S v /‘4 "‘>8/ 84(-) Bz e achieved W'H\ ot i CK}?L“fW-

Jorps B2A s eyt diesded e Wmgz o (Mebepet).

> s we Kusw Tize D{,,mj?ubqf &) /54}J “32.)/ [5)218,)4)5%]

@



Thew, wl«-ewfeﬂ“fni o A [tk ot X, obopery vwhirw ly)
at 2acdks v the ljraéalszx'(ﬂ.?Y of J"uu:fm'v‘f% B Ar /

= p. |Bl
PJW’Q F —Im

J'i'«cL {'f;«";g(j I /;HJ(/)%JWB cx)yccT{-J'wwa/‘ 9‘{ {7"’4[ /5 ]_W*p "mé
B e TSt A o

4 A
E[TA-»B] - )7“,(( )7,5]

Aww\e‘!’haft"/ ANCR AU % we rvia /h'hwloA\.;V\ ”éaf\ 1 tiw\cﬂy))’_
ch,hrbéa'% 6‘}7 Lot fx}aCor‘cr Py + J'uw»r 2 > A (ulu'd/\
AS meal lffJ.f(’A‘eJ w b fﬁ/ﬂ@ﬂ‘ﬁ{ 1- W ?;i) Af P 1Al hewce

Ha [/
3\/?/33{ Moo of ftvffc/fcé B->A Troof toon) Ar

E[Ty,—bd] = h F]'—I)ﬂ‘,l
TL amho Xn 4] Obsyon, mﬁ(‘rw(; aund Bl 4] Fuean “‘X)?QCTLcJ
/]AHMW og \\Ufo’Dn ? S'i;:py jf[ /

S

l’\/(]’) g E[T)G—bﬁ'] + FYTS-»,(] = -[[7—\:%‘_}. “F(i(‘ ,H'Erl,)

Tmm poiniunted by '%}ﬂ- -0 = Leftiug v EIB/IP] optison p
AL

P Lo A
V| nrer) = b
(WMudt Ay ovr W/)fo Oboof)l»g}) whean, We )4]:;14 ’}; 4% m ‘)'\'l»t\@ aud
24,149 that J'WJ')J?':«»L& ,/Ljfmf Lave “am AN

— ——ra. o——

N'275 r SW Hchc AS _m_fir Convey MXI'V!& o(u]ydﬂ‘t_/medfaam?m;
rvce e Ay 2 J""Vj’[c (/,001942 wile baged ou Hhe oddy roho
’Hn.’f" Ules “”tc, A X ec) t)??’bffk\{qi':)‘]“

@D



One- Varidble -2t ‘T“MC ni)r’bvﬁfaw Hﬂoﬁmﬁ) FCWJJ

. Ky
CDHJJJ(F‘ 3 C{‘ Q’/\ {M‘Chjﬂrumj ’)%_ 1)7 Q(’_(} B9 ‘H/\Q’T ")-(_’ = [72
d

le IRJ-

Revm;'b,@@e{ the DTN (56) 4 adveved (,7 w;,ﬁ VPG“"" >

Z‘J/Q_f:'f:

(R) T (% ot ) = TX@"J‘%J) "/ O(Mr’""““r”[‘/ 2T
To Tmp

A€ bf beponmat 5 mew Jiok % “ 3:\/6«4 the Ffz:,f@ud’

st 1(‘)7 Wi Hh (CXF]O/‘:J‘) };Nbab{ﬁ.-%? ﬁmp/ md acCC):»hu&

ﬂu:, Fﬁa}?«JW{ with p!‘vbal{ﬂ")} QCMP'

HDW@V“U; the UFOBTC O_C,F ___b')_(% cou be J:M} }hffcecl é(/l'v\ g
fingle AP 197 breaky a fhe ToausiRon Compmentvvise 3

2 .. Hpa <) @ OTe o K
x = Kpp) —> X = | DK Q—;}T’“’—:’L » XX,
' £ «va \
| | 7p3
*pd ’ V s
| | f L’KT’,‘J e, ud
A€ l>7 0["‘9 /
(4) 1) Y (,_) (01) ¢d
q | MPO(M)’.l [ . q & )
’“P
(k)
wherc O(MF »/wn.h[i

J (k)
on c1 = F { 9C
(k} (s, )
? pv = P{ = ’KF}R { % Kw},n\ k-th c,aw\rahwk O’C'n)kfj'
12 H

Z_f_(k}




IV\ WOFJJ :
'Fc?f“ é)M C:»W})burh‘h K - 9 /CJ "Jfapaﬁe the vt

(k1) (k

10’4 - K / [,Vi'H/\ Pméaéfty{"}

(k) (i) (k1)
ﬁmf :P{ x| x J

( which A5 e Fmbau 6“}7 od [W)?"«f"“ok the Ams ve ”<w<’7‘ %Mjk

-1

(i
,{vn Hee k-t Cobu.)qol/\wt 5_1‘\/@;4 +H Vm;-h;pb( Cnm},g Mvu.ll'f < ’J_( k-1

g»y\o) eC(,C/QZ’ {"/\Q MmoVe. ,W"H/\ r]/'}‘ 175’6?6“}'7 O{/:\‘;) .

67 CoMS??UCﬂLmM H\ch \LL\U Cow))'}ovxenf-wi/t )jrocf.ch

/{w\}o)emcuﬁ (R)/ f(e/ 2 Yr:,\/-e/‘ﬁélc DThec ]/169\/»‘142 /I\T(’{(}
9 At o?ﬁacJ7—ftﬁc, @\‘f}?fk\hou (?hF)\



| AN with Menc|

T

() ] ¥ () v
‘x(’k} c fx (7(’) — | X ( : Y |:|\T( W) N_’{ )
C Ao ﬁ ) > N
"Ry (§t)
Dvaw N sawple U
A AW A

e I —
/Vtczg]yy‘ nch
,w\achz\"’lc%

,gwr(cw eut Huy, with

(n): ‘
T{x) = f:()x) bx fec.w/fﬁvb( odds ratiotor mae Wo PXL

(cfr p- 63) - f (xg) 4/’_—
R - Wlee) 9, E{f’{f”'(' )
i = it

(ki)W fowsd 9
s f)

A ) \ Se
Ry = o)) ) v,
A A

exPLrer Fy ( 2 (% ‘)) ‘.c,x \ (%'.‘L . \7“)

PRof24AL

< 5, than, RCS
| Ry = I (U)

/\flq-1)
g C',t)Jf»Ule solely on P‘r (ug)

@ “coutnl yariahle” " Y = §09)

Xm=1= K¢ Ii }} Qm‘x‘ Ve . l//
T{ ) MY ‘o XM—D I{ We CLIoD.}c, €X’71vfcr =)

0'“ SIX (k.{)- A%

( 4‘m4e17 end ence. chath
ctr p. 6% ]

o 9 2



- TR ISy i_.}qv:

e Q efuamus
T o e \@%

o Je mﬁo v
«uﬁ@c& 7 wa .En 1..&3%

@ )

@mw ...H & 4 s
Lfnml vrial

e

hma: i ,m\
((¥xy8) 4y

)\

1 —
SY s 4
74\
ey
| w7y | Ml
valdr s ‘
xplie)*y =9}, = % 1
) d=db=P A\R_ A“,:
2 33 L . NG et M
S PESIS P Oy SEO T it U, v e iy
[ oy B T . g .
_fm, I P00 B “LQ R +* 6.&<£po / u>ou %xts U.LFL . —0



. (w 1}
l(‘ot)({)b( : /4/ 3 V\U(AC] 7LoW?/C,j i.Jllf ot P\r (H} OV\C& e 27 4y 7L@/,C’

/\l'b-T

(ﬂ)/ “c7 will et A pe

VCJ’GGL;J I:,? claaim wilf L[QV‘J Mol ‘
Wg y‘\e)ﬁi“ Clk)vjé(, A e Hnoc;l ‘H‘l.’.)l’ Wafl l{j —Zf‘ X with JMJf]_/} Co =l/|Cut' /] c whw

£ (x :TT(“m).
xF) L NeM/uKJ Trick  (orteh. ou 03]

C)“ i‘!cv\
The i eA :> q; } mafewcw 1" ()81 with oy e M wadire /] 4

A Tlo(r W/JJ/NIQ’!; w,rﬂék A ’)mocl(o’(

1 C

Xt = % L Bkt = Mg g Uk J_n_.._:,, l b U 2." sxf
l.___a Qe acczr* prab{” ) q (ren
‘ ! .fi = AmaH 1} X k< )

I\ Qi ("fki)]
! 2{“4
d o ' ' N

A ‘ 40

\ < 7
L

M MC waaclune wth
E)(Ylvlcv\,,wpkwmfttl w.lﬂ/&;}mmhd J‘CJM Cov—\l)oheu,' CDM-\/t ~veul

(C{r\ Pa«e?z)- - with AWJcEeuJeul" cheo/accf}a} on ¢rch C-au\/dduwf

Wil ara:r?' Fﬂ’sabtti’ri

owvy k-ﬂHf\ C,ou.(,favy\%t- 0(}'() - Mh ,: § CK (ka))J
G (%<

k-t o u\}th ent

exp laver
A

/ N\
TI\T-{PJ on K-th va-fwzu} Y et = Yiy Uk y, whege U s (/mfm[ Axn) AXM]

Lt Axn - H- Ax henee M1 Ty
‘ “velver (]_l\”_{"hm

F{ Uk = %0 - i ‘:(k‘i)AX}f e lﬁ'ﬂ‘“ e oox ""'

PAIRE
(5 Cj | o) el

whwoly 4 M o (f {;4.-2 32 An ﬁcﬁorz(,"i.
/UDOU Q Wl"ﬁ"‘”/ﬁ{' } ol M';)_j(l«\w\c.?

ESN
M



1 will show thal
d
e hxy AT Gl

e
-

et flxp et Gul)

£X 20”7 3y aF t”X}’Jl»fmf\ W ]’V)Je/l euJ&wq han .

Ff‘oof e
q{.; 2 F{ Kwm =% ( Xmﬂ"‘@j}: !75 i!;::i::;l fvecj-, oup
""'(i"- Fa
- kH P X et [ Ximer =26031
T Uemengdofp ©

J _
T A o B

: [4, 93_(“_"*‘)}

ax(Xt)

1 : M K
Z () ,.fq'{ K)>2( k(}
Pzt W)

/ ql'(i"'l. -C)Jt ./
hence W(*xf)

Hen s, b = S (ri)

affw: A1 ‘V
G (%kd) f

o

(I
Ui =1 Gelo) []8&

;QJL/emi'aﬁ« e{aﬂuj Jehetne 4y Hhat Vc,jwtr s l-/,, "A kc7 e

oo X & Corredhe) J-»C"q_"-«;@ ol growmd A /9/}019( DXy
AS M,ol‘ &12/94.

o) e Correc}H ( ‘ a
© rc’(,{uk _ (Aw- Tk)A—x}.D(FF) 44 !k # Ak
@ P{vkzo}+ Z-‘ H‘M?Hw‘l}dk} (1-0(;?) else

o3t



L Ot)’ﬁgjf wafﬁivﬁ IS\ (OWS)

o The ’g/f.m'auj }agrg(f)rg}ﬂq hoo Concuded o ﬁck prc (’X/q}m/\th\
A M. We now umdedond thot finc 45 He best
eobinahn (i the fense of paprkic s .23 and verult of
xercise. 3 affjo.zab ) s the PMF Pr(i), Bv"/fii/ﬂ)”fl
Given A érvusj A4 alocah, He M )“QMA)?ZM sn Hhre é%hva7/’

Jo 25 t 51\/('_ ST ?CC.V/.?C7 ‘£)/~ M?—\W\afhm O:{'CV‘(/'7 éfﬂ '
ARUL) \

L however we Tt peed e ~babit, ]7 of o var el
ekt (o F Hiok
{\1’6/4] (’)27 A= {T> Hhre fhald 9]) AC Ar F?awﬂak ' |
We do Aot meed Mf\'Ma"ﬁg{ lzr(i"i} For oM Gin s Aed wihthe
S écc,w:c;/ Fowe Gan ﬂacofﬁ o A s w\rf@ Jn 8

Jrart t’:f’{)"o{cm% wa‘7. (C‘é, ]70* ,(Mvmjalu)?éy A H&

dowen st Bon \/%W , )

e A .

/[\mrj Ln/]/t7 T would Ok 4; ﬁo badk fs the /TM}@C]%\'WJ,
Hiesrum o, ou]r)w} w@rjﬂv»: p¥e Ved J%Faﬁq, 26 .
(We. ow veelt that yooult:

@



Civem anYy GMOH7 pafr fve d(ﬂ) 20 %ﬂf Y
[ o
e have  that

o= ' x ‘P Y) a »
£ )= X Lo - b ) 2 e bl
X Cd(aha)) __“_x,g,\ 0(.) \[/ 5 T } _CLQ]_(H} ey T:U

w»t-ero%wﬁ/fu}v);wf ﬂCj) = —-/-l- - U 4‘:/%7014?37! &mchbﬂly

Cty)
o’-{ ‘p?'(ﬂ) .

Tle sdea now 4 ’)’lwf,g;wr? .

T we Kuwy Phat T C He e fw) had s
/\%X c]»ec;?md b%c cVCV\)é,,..
5 <+ 1
"ﬂ/_\/

| # i ¥
oo Then we waa /’tmlalt;)ffch’ WHHa a Jw TE’% ’r(mk’(\((‘d)'ecff}

77 S '}’o ACredk Hw:_ [n%'!ﬁ&’r Inthe ’h?;!/ Jund HL"J DL+&VJ
AN T (waf}qtd) J'awyféy /f,M )4/ a8 }afl\ Impwbu%ﬁuﬂﬁ&lﬁ .
/

! x

{?(9) E f?(U)
A
|
N
BEIS
bTLLL W‘aalc M ‘H%t Mo WC Ue j%ﬁf;mt} {“lf& riﬁ“‘
warhive. N THe ooTyT PIF  iuskad of chmicd LS
9 : / # 4 ¥
which (5&'MJ/7)AWW€/>5WAC 1%%/ aW’h ng (%)
0‘5—}5,{“{0’] ifz Jowe F'Lyfff?} rc;lfou,ih& Wﬁu&ﬂc‘cfl;c
@ pﬂsELTMA hauc],/

aeed am o,/’ffv} W&J/H'
Wy ly) = cdly <1

Yy est




J\ép/ we Mow Nave

‘;ﬁ if\rm)wﬁ - /Iﬂw)f—(l‘ﬂ)dﬂ

/ :gdu)[«(w) Vr(”’“’ﬂ _E|Z, w(ﬁj
7 (Y
e Al (67)

wz; cdt\tg ccg)

oud thw We vk {")kc' zgf\wcﬂ"r. O{_HM ﬁi)?fc’lléﬁov; 4 € %l\t
oot waf,qr,ol g b sounCo (o IS) T

3 4 £ et £ Rl
\—-——A_—?/_\—/

)Vbr)b)c_-fy ‘HAJA“ C /U WkMoWL] 51MQ‘Fr(ﬂ} 41 UMkMOWV\ Hwﬂ/i‘j

I i)y = /1(7("‘)d‘.1 Jd [J(Y}] (59)

.—f

So ‘st e cam e/aﬁwa?:’g C Lrowm Hhe Same /V'Jaw‘fbd {W/?tc))

= A 4 and Limally the ows

AL ) 7 otmeticafendd i

r‘
D - Znimd) ) g
N (S (
Q*Z (J(T}) J Hoj(f@b\w/c olo%a%o

(60)




/
OF covrte w*ﬂ/) M McHC an2dave .

one that hsy ﬂig_@n?y Al pHE ouw TWes T (x) <

ey = hmsx = hogax
cd(pm)

aud with < HaJJﬁ'naf odds ratio

R

4

_ TT(')(;)"G;:{K(M) .\_.d(ﬁfx,;)) 9t
WO Y K () d(gxg) Qr
FQ‘: :L\: e;x):'(afcj a7 ot p- 34 1) W MIy Uk au Py Jc‘fc;ho’euq
I qp o o ?
Ja that odds vati %ux)oelfq'@g +

72& = d(ﬁo‘f)) (61)

d (00 ) |
And {Xj)lofmr“ Cau he ﬁq)?(ewwfc(:’ Whl_}/l Fee o%c—\/mf:‘}?é—-{,’jfuc?
Fwe lck exJJ)Dm'Mfo’ﬂff Ff-:?g“?( ay order & fowen o

Ye Jt,o)ﬁvvy rolioe.

(An d\'JgU"/fJ’&rm 1)
L lcamtg ‘HAMt /]‘cJerv‘pf’ow 3 3!&1/146/ ”):)})t/\ 47

Marce Je couthini amd Co-workery ab S Auua Schost 4y
Y’ja [ﬂ.ﬁi&m&mf et aﬂ/ Au YroC . TIWDC }04 l/ th’fc

d(y) = & A (62)
was vfed, dud /5 hed b ke L;)ojrt'wztcl (/i.e. Y vvad
®) 4’(1/14/(1/:5 A1s )




Sov!) Z uay
7 W

VePeM s MO \




> whf As Thais awa%ibhf‘y mw?

iw abf /jfc VIV Téitﬂw f‘:?/)crj on IS avMDWf e
/

Tf‘y ’V\a\ ‘creahve” /I'WI”}WM/;M& ( Vri e — A cr-c,mw”x )
From sl Aion AMCTHWQL ¢ < 273 Rf-n‘r.(‘rimcw))u

Bk A'av;ofamck M ovr Commumty of Ha MCMC mackiue
hae  blocked e advance MAMZ oA refedrdy 4y Fhis
o /

Now men Bontiers are ot

. . Hodtings 495,
> E)lTwatyan o o A OW IS Tpf’w\ J’é’“*‘v}?[% )»_(W(itw‘/ 29\:4]

Y PN
o 142 Tegdly),
ATRITT o (¢3)
AL dly)
f N J=1 Y-J)/‘ié\

The éﬁ“\‘wﬂeﬂ "Ya'ramc.e, o{ mf'{waﬁr‘ /]‘J Cow-PUEJ 'f/aw\‘Hv{
Dette wethsd as ,
\/a?(a) = Van(b) -2 )’A G:v[ejch Py V@r(@)

A~

C
wWhere 1} Vv emor corroly )Tuuj An Nehe we hivde waé nie N

w1z blesks of K voug o0l

(64)

bhk 1 k
T e e N Ll
< - - 1< l< > C&]fxe'ﬂ\;)\qk’w
\___ﬁ/,\i/ A NcHc
N



&MO] evalusk .
0 Lz 5 . P.L50.
9 fj / > (. e 7\ ‘
W kq -

U

Then
VQI’ [(9 _»L Z%-( /\)
(

T~
——

-1 1= " -0
(655) \/ap[@l— _:{_, AZ—: é‘ /a)L.
Calf &)< 4, £,(%-2)(6:9)

wJ»Pva/f/f//chw;c A jneo fre btion wwd é{bckfr
\/af[Eﬂ’ ” Véf[% ]

(b59) { \Le[E] - 4. Var(€; )
o\)[@) el - f-_ Cov[(8;8; ]

No%t’ IDAIE wethod Afte, Hhot ?\veu Z - j“‘ﬂ’)
H.a Ta lor
v a(papy) i) + 23] (xp0)
/A)/;— ‘%{9;?},‘ T '0%]/4),/’,\1)
/‘A‘I (v ‘r)""r () =
Nouce % /""‘ /Vx (?‘/‘
Var[2] ”Z—/Mi ,VM[Y~ /l’::r__)( N \,,1
- {Var[Y] +(/"v) var [X) ~2V CDV[\FX]} (66)
),



EXChe

4] The Hias of the OWIS eoliwatsr 4
)
bz eyl-p. (@
CaMYW bevc/ UJiW} jemfeu‘f /imejugb\?/ﬂ/\aﬂ' 6),0 /)

/IA) ?VOV(, H/\aﬂ” an gﬂ'y', X\\w@’hom +, 'H‘L

re lative b3 error A

AR O CACUR




- Oegs Feblew

IE iy fnsfvroctive pow 12 foke o ook # Fhe physics]

\’J‘fob)ew {‘L\J_ 6{/‘&1 ey -F;O\‘Ma W?ﬂt‘b\ l/\c }hVQM/T((\.} ]LLQ th .
Confider > s7fTeu.L A C“J st (Af/f} tady of Wichy Com ét"o“’f ’d";‘m{mw j{f’”’"
A J%/l\ﬂé [,(4) {5 -y IAI (wlﬂcvt ,Z,' A e :;SF'V\\":,%? A i-th )’er‘ﬁ'/lc/
f5 o bt ac oA our f/ﬂltm ( a Pb\a’x_)/f\n Berg's ]'nyaq},,

TLc, ~':S"f3('é,)])aap (Cg/ufc] Ipi«arx{gzj) AF Huu cln‘/c/cfft/ WH-L]
3 nvinbe of 4Tat, c]%J/{ te l r’, =/ ; le,\'f‘rc,w«e/{/ )Q{'?{_

TL\( Cﬂﬂ‘ai C}vffm}aw\ql\'vﬁ~ e pa| ﬂ'dft /lof a g«ﬂ/&z\ ‘{VVIC/‘[';:W\
o the stk 8

e= 9(x) RN P15

V\AM_IL, 8(-) J.c)jwolj' oy Fhe ?”eov e )7717/1'(9/ /7’: blevnand 25 Kuswn s
We Kuo thot, ot epuibrion 1, Hee P of Hhe QYK

?vw 57 HA{_ CAMowmicAL (Boﬁ'zmmmj /;’p,]).)r PHE

- 440
Z(p)
Where f3= & s P anvarr of He e rAe gud

Z(p) - Z'_Fé'ﬁam (70

;j the wormstiahoy, confout ((_'J/Mcc]

(7o)

%arﬂ’% lo Lovet )’J‘V!é

(WIM'QL A {A}?‘@}e{z CL\.J'{)'O(AH‘ k c\wyuﬁ/ 9»“/614 He emarm oo tun o
oh Ik T} /i 7L7)ma¢ prdlews)

85,



f\):m) Sffc-cé “Hu: f’uerﬁnj A Xl Jnts é;m of« o wa/‘/L} Ae

centered b voluo {e) f/ A=4 i (imgﬁ! Ap)

\ e d
I T N S O T IS ci;/omcaz_emaqy

0
le‘ €n /m STRYBVTIonr/

Leb [ ?,C_(ea)jli1 be Hhe odtpt PE Hhok we

W{J\/\t m’T-«'mak 57 sfwoﬂa)flbm_ Let.' DA = {’k€[73 3@(—)5:: C,{}

b‘:H"( 4°w\a”“ M /""j) 7790\ 'H’tfﬁ MA&/OJ' +L1N 5(} ,m't éﬂq /'
QMJ&A“ |3; ) {# oA e, x An D } C)Pa(‘7

—fe [
(I,ZZ) FG(CT) = P{ En f‘\} - Z- Fx(x) _ (Dj ‘ ﬁﬂ
PPl 2o 29
L;Uryv;ll nd —> —ng-(—) ¥ ac €di
| Difpne) s colled sy d 3 (seem 35 fonctn e
IPI oud c]efjequ oA ‘):é:u‘\}?ef\;‘h)& [-

W\A@u +L\Q IQ/H‘CL K ,@ aﬁ?ﬁfwovﬁh ’H’\f; CQ/M\?W(&{
)'T/\‘]J\J)f\h\q ?E( C) 9'} < Crlh CJ[ 'Ilf"/w c’f‘rgﬂam /;

hao ?'WO )<'59 CM\’JJJO cf( e%AQ}( Llf/t +
/T];Q(G} ) X/L
T TW(JJ(’D%'\GV\ Af

C:\hcq} s crimcal

? flrt- Ofolef:’)ﬁt ale
?7‘“ writion K




with Tradihiew sl MC
Ove Cau Use anm Netie mackine T fwfmjfmx%k&

AP\)’(- Mot 2 meun &“)Tﬂ o T (%) = \oxgo(,)

()me&_ '37 wim e1ne }Ohrofjb ( U 3 0?1‘\‘) aud odds refis

A AoV K 2>

. _ L1 af -p(er-ei )
¢ Ty T - € g §Y)
£ T % {‘ﬁgc ) | ]

oW

-, Tr"‘_épej =) vvc,léuowj A Nchc
Aj\\/\ _Fraftfah ¥y Fhat Avecyy T
Hon JEF (lwer evergr ) e always
o xr M > aagpted, HioxYhet degeart T
are écﬂeda%c‘/_g urth, PV, - b]\eﬂq{
0, - Ry

> Trovble 4 thet hctic Iauj’l(o,f CaA 8‘30’}?“65 A one

(oM anode anly Al
| J) ) )/ e ya'j)t g" é{wj
fi‘f{ bV AN Fecond nocle

That's Wlﬂ/’ B@Ex nvewted fug
F)Gﬁ' IAAJ \)2/‘91,»\ MNc a)ﬁo A,

Hﬁ BAJO ]/LC(QICCI S %%\'W\i);,t FHM/ Cg/’/e,df'ly K Qly‘!V'C
Soure ]ﬂazfz'c&( quaﬂ?? A by Ante e st

Y
P

Q@



n PDefﬁﬁS Tepwms eNmat Cihe

Cwomcoc_ (wcr‘j\?) PnE

0, X &
o) S 00 = Peted) - M (porene
X > | PC ) . (Jwr M )

Nt gt Comvere e ” HuwT -cvom e P
’ (14) &T) o ﬂw me% E /\CM) (7
]XC%) i 4 ) [ e 2 L‘]E’ ('Q{) 51_\/-4‘_
CM’1 PE (2{;}2) N
3 |
)S AW (‘vr—U A
UPYAIE ]’ (ei) s (1,1)7 (e‘)H (ei)

on W ciflflau\t, clw_'t “]'LLA@{" Hl@ﬂ' AW M’ W@‘}‘?&J
dﬂ?ffr\bl)f\n«bb@g 'H‘DVSH + ke g /‘a)tpwcﬁfo]

v (
l"?a €L+ 3y 4

f N ("“) Cpe € ‘ V’K el ;
4
L amicrs ~Canawicy]
( l'v'chfc,) ﬁw«peﬁ‘bm

Fol\ > (Vefy JLOrF7 {) ’}’E/IC, 8&00}' hﬂC/ Y’CQJ

J. G éJ-W\QA'U/ A, Ma‘}w\;/ Cou,(rﬂ'. Sima. A?r oo,



References

1S}

(1S}

[

2]

[3]

(4]

[5}

6

(7

(8

9]

[10]

11}

Importance Sampling: references cited in the course

E.  Veach, “Robust Monte Carlo methods for light transport sim-
ulation,” Ph.D.  thesis, Stanford  University, 1997  (available at
www.graphics.stanford.edu/papers/veach _thesis/thesis-bw.pdf . Material from Chapter
2 used for the course introduction. Chapter 9 is important for the invention of an
advanced IS technique known as Multiple Importance sampling.)

M. Jeruchim, “Techniques for estimating the bit error rate in the simulation of digital
commurnication systems,” J. Sel. Areas Commun., vol. SAC-2, pp. 153-170, Jan. 1994.
(Cfr. course notes, pp. 9-12).

K. S. Shanmugam, P. Balaban, “A modified Monte-Carlo simulation technique for the
evaluation of error rate in digital communication systems,” Trans. Commun, vol. COM-
28, pp. 1916-1924, Nov. 1980. (Cfr. course notes, pp. 13-16).

M. Secondini, E. Forestieri, and G. Prati, “Markov chain monte carlo technique for
outage probability evaluation in PMD-compensated systems,” in Proc. Tyrrhenian Int.
Workshop Digital Communications {TTWDC’04), Pisa, Italy, 2004. Published in Optical
Commaunication theory and technigues, E. Forestieri Ed., Springer 2005, pp. 121-128.
{Cfr course notes, pp. 77-83).

Importance Sampling: suggested further reading

P. M. Hahn, M. C. Jeruchim, “Developments in the theory and application of impartance
sampling,” Trans. Commun., vol. COM-35, pp. 706-714, July 1987, (Useful discussion
on the effect of dimesionality d of state space).

G. Orsak, and B. Aazhang, “On the theory of importance sampling applied to the anal-
ysis of detection systems,” Trans. Commun., vol. 37, pp. 332-339, Apr. 1989. (Elegant,
treatment, of “Iranslation method” 1S. Here one can find formulations on the average
weight similar to course notes equations (19b), (27)).

G. Biondini, W. L. Kath, and C. Menyuk, “Importance sampling for polarization mode
dispersion: techniques and applications,” J. Lightwave Technol., vol. 22, pp. 1201-1215,
Apr. 2004. (Explains and uses the multiple IS technique. I found here the recursions
on the evaluation of the sample mean and variance reported at page 8 of the course.
Similar recursions can be found in standard textbooks on statistics, see e.g. §. Ross:
Introduction te probability and statistics for engineers and scientists, 2nd Ed., Academic
Press, 2000, Chapter 2, problems section,)

A. Owen, T. Zhou, “Safe and effective importance sampling,” J. Am. Stat. Assoc. vol.
95, no. 449, pp. 135-143, Mar. 2000. (Interesting examples on critical problems in the
application of IS. Cites the multiple IS of Veach).

W. Sandmann, “On optimal importance sampling for discrete time markov chains,” in
Proc. 2nd Int. Conf. on Quantitative Evaluation of Systems (QEST’05) (IEEE Computer
Society Press. A powerful view of the zero-variance IS estimator for DTMC).

J. 5. Sadowsky, J. A. Bucklew, “On large deviations theory and asymptotically effi-
cient monte carlo estimation,” Trans. Inform. Theory, vol. 36, pp. 579-588, May 1990.
(Rigorous treatment of efficiency in IS).

J.-C. Chen, D. Lu, and J. S. Sadowsky, “On importance sampling in digital
communications-Part I: fundamentals,” J. Sel. Areas Commun., vol. 11, pp. 289-299,
Apr. 1993.



[FH]

[FH]|

[12]

(13]

[14]

{15]

{16]

[17]

[18]

[19]

(20}

[21]

(22]

[23)

[24]

P. J. Smith, M. Shafi, and H. Gao, “Quick simulation: a review of importance sampling
techniques in communications systems,” J. Sel. areas Commun., vol. 15, pp. 597-613,
May 1997. (Good review of literature, lots of references).

P. Heidelberger, “Fast simulation of rare events in queueing and reliability models,”
Trans. Modeling and Computer Simulations, vol. 5, pp. 43-85, Jan. 1995.

J. S. Stadler, and S. Roy, “Adaptive importance sampling,” J. Sel. areas Commun., vol.
11, pp. 309-316, Apr. 1993. (one of first papers in communications that proposes an
adaptive warping distribution whose functional form is built from estimated data, and
not with an MCMC machine).

Flat Histogram Algorithms: references cited in the course

F. Liang, “A theory on flat histogram monte carlo algorithms,” J. Stat. Physics, vol. 122,
no. 3, pp. 511-529, Feb. 2006. (Cfr course notes, pp. 28-29).

Y. F. Atchade, J. S. Liu, “The Wang-Landau algorithm for MC computation in
general state spaces”, Technical report, University of Ottawa, 2004 (available at
www.mathstat.uottawa.ca/ " yatch436/gwl.pdf. Cfr course notes, p. 4)

B. A. Berg, “Introduction to multicanonical monte carlo simulations,” Fields Instr. Com-
mun., vol. 26, no. 1, pp. 1-24, 2000. (also available at arXiv:cond-mat/9909236v1, 15
Sep. 1999. Cfr course notes, pp. 40-46).

N. Rossi, “Algoritmi multicanonici innovativi e loro applicazione alla caratterizzazione
statistica della dispersione modale di polarizzazione,” Laurea Thesis in Telecommunica- |
tions Engineering, Universita’ di Parma, Feb. 2006. (Cfr. course notes, p. 41).

D. Yevick, “The accuracy of multicanonical system models,” Photon. Technol. Lett., vol.
15, pp. 224-226, Feb. 2003. (Cfr. course notes, p. 41).

R. Holzlohner, and C. R. Menyuk, “Use of multicanonical monte carlo simulations to
obtain accurate bit error rates in optical communications systems,” Opt. Lett., vol. 28,
no. 20, pp. 1894-1896, Oct. 2003. (Cfr. course notes, pp. 74-76).

J. Gubernatis, and N. Hatano, “The multicanonical monte carlo method,” Computer
Simulations, vol. 2, no. 2, pp. 95-102, Mar./Apr. 2000. (Cfr. course notes, p. 88. Although
this paper gives a very qualitative and often imprecise description of MMC, here T got
my first idea on how IS was related to MMC. From there td get to your class notes, long
hours of self-study followed.)

Flat Histogram Algorithms: suggested further reading

A. O. Lima, I. T. Lima, and C. R. Menyuk, “Error estimation in multicanonical
monte carlo simulations with applications to polarization mode dispersion emulators,”
J. Lightw. Technol., vol. 23, no. 11, Nov. 2005. (Contains methods to estimate error
variance from correlated MMC samples)

B. A. Berg, and T. Neuhaus, “Multicanonical ensemble: a new approach to simulate first-
order phase transitions,” Phys. Rev. Lett., vol. 68, no. 1, pp. 9-12, Jan. 1992. (trying to
read it is a must. Good luck!)

T. Lu, and D. Yevick, “Efficient multicanonical algorithms,” Photon. Technol. Lett.,
vol. 17, no. 4, pp. 861-863, Apr. 2005. (Suggests improving Berg’s smoothed MMC by
interpolating the log of the output PMF with a spline over N points. Berg’s interpolation
with a straight line over 2 points (Cfr. course notes, p. 40) is a special case).



[25]

[MCMC]
[26]

127]

[28]

[29]

[30]

[31]

[MCMC]
[32]

[33]

[34]

35)

[36]

[37]

|38]

A. O. Lima, C. R. Menyuk, and I. T. lima, “Comparing two biasing monte carlo methods
for calculating outage probabilities in sytems with multisection PMD compensators,”
Photon. Technol. Lett., vol. 17, no. 12, pp. 2580-2582, Dec. 2005. (Contains a comparison
of efficiency of Multiple 1S versus MMC).

Markov Chain Monte Carlo: references cited in the course

A. Papoulis: Probability, rendom variables, and stochastic processes, 3rd Ed., McGraw-
Hill, 1991. (On Rejection methed, Cfr. course notes. pp. 56-57).

N. Metropolis, A. W. Rosenbluth, M. N. Rosenbluth, A. H. Teller, and E. Teller, “Equa-
tions of state calculations by fast computing machines,” J. Chem. Phys., vol. 21, no.,
pp. 1087-1092, June 1953. (Cfr. course notes p. 59).

W. K. Hastings, “Monte Carlo sampling methods using markov chains and their appli-
cations,” Biometrika, vol. 57, no. 1, pp. 97-109, Apr. 1970. (Cfr. course notes p. 59. Very
well written and very instructive).

A. Leon-Garcia: Probability and rendem processes for electrical engineering, 2rd Ed.,
Addison-Wesley, 1994. (On Time reversible markov chains, Cfr. course notes. p. 60).

C. J. Geyer, “Markov chain monte carlo lecture notes” Course notes originally used Spring
Quarter 1998, University of Minnesota, last typeset November 21, 2005. Available from
the web. (Cfr pp 67-73. This is the clearest synthetic book I read on MCMC. To follow it
properly, you need a bit of knowledge of probability theory based on measure. However
Geyer makes all efforts to let also those with basic probability theory read the book with
understanding. A very, very well written text!)

Y. Guan, R. Fleissner, P. Joyce, and S. M. Krone, “Markov chain monte carlo in small
worlds,” Stat. Comput., vol. 16, no. 2, pp. 193-202, 2006. (Cfr. course notes, pp. 70-71).

Markov Chain Monte Carlo: suggested further reading

S. Chib, and E. Greenberg, “Understanding the Metropolis-Hastings algorithm,” The
Awmerican Statistician, vol. 49, no. 4, pp. 327-335, Nov. 1995. (Good tutorial reading on
the subject).

L. Tierney, “Markov chain for exploring posterior distributions,” The Annals of Statistics,
vol. 22, no. 4, pp. 1701-1728, Dec. 19%4. (Good reading on MCMC).

5. Caracciclo, “A general limitation on Monte-Carlo algorithms of Metropolis type,”
Phys. Rev. Lett., vol. 72, no. 2, pp. 179-182. (A very elegant analysis of convergence
time of MCMC).

C. J. Geyer, “Practical Markov chain Monte Carlo,” Statistice! Seience, vol. 7, no. 4, pp.
473-483, Nav. 1992. (Contains good discussion of convergence time of MCMC, and deals
with restarts),

A. Gelman, and D. B. Rubin, “Inference from iterative simulation using multiple se-
quences,” Statistical Seience, vol. 7, no. 4, pp. 457-472, Nov. 1992. (Contains discussion
of convergence time with restarts).

J. 8. Lin, F. Liang, and W. H. Wong, “A theory for dynamic weighting in Monte Carlo
Computation,” J. Am. Stat. Assoc., vol. 96, no. 454, pp. 561-573, 2001. (Technique to
accelerate convergence when sampling from multimode distributions).

C. 1. Geyer, and E. Thompson, “Annealing Markov chain Monte Carlo with applica-
tions to ancestral inference,” J. Am. Stat. Assoc., vol. 90, no. 431, pp. 909-920, Sep.
1995. (Technique to accelerate convergence when sampling from multimode distribu-
tions. Known as Simulated Tempering, Cfr. Parallel Tempering).



SO]U%(.O 483
t:

Pfoyofecl
& xercireS



