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On LDPC Codes over Channels with Memory

Giulio Colavolpe

Abstract—The problem of detection and decoding of low- they are particularly suited to turbo codes and LDPC codes
density parity-check (LDPC) codes transmitted over channs whose decoding is iterative even when they are transmitted
with memory is addressed. A new general method to build a over a memoryless channel.

factor graph which takes into account both the code constraits . .

and the channel behavior is proposed and the a posteriori In the t.echnlcal I|terqture there are a lot of recent pape_rs
probabilities of the information symbols, necessary to imgement 0N detection and decoding of LDPC codes over channels with
maximum a posteriori (MAP) symbol detection, are derived by memory. In [7]-[12], the case of magnetic channels, where
using the sum-product algorithm. With respect to the case ok the memory is due to the presence of known intersymbol
LDPC code transmitted on a memoryless channel, the derived interference (ISI), is considered, and separate tredliset

factor graphs have additional factor nodes taking into accant . .
the channel behavior and not the code constraints. It is show d€tection, performed by means of the BCJR algorithm [13]

that the function associated to the generic factor node modieg s in turbo equalization [14]-{16], is proposed.
the channel is related to the basic branch metric used in the In the case of a noncoherent channel, i.e., a channel which
Viterbi algorithm when MAP  sequence detection is applied or in  introduces an unknown and possibly time-varying channel
the BCJR algorithm |mplemer)t|ng MAP symbol det_ectlon. This phase, the algorithms developed in [17]-[20] are designed f
fact suggests that all the previously proposed solutions fahose h h .
algorithms can be systematically extended to LDPC codes and turbo codes and can b_e a_pphed to LDPC codes only if trellis-
graph-based detection. based separate detection is performed. In [21] a channetimod
When the sum-product algorithm works on the derived factor where the unknown carrier phase is constant over a block
graphs, the most demanding computation is in general that of N symbols and independent from block to block (the so-
performed at factor nodes modeling the channel. In fact, the o464 plock noncoherent channel) is considered, and titec

complexity of the computation at these factor nodes is in gesral . .
exponential in a suitably defined channel memory parameter. In algorithms for LDPC codes based on this model are developed.

these cases, a technique for complexity reduction is illusited. In A non-Bayesian approach is adopted in [22], [23]. In [22]
some particular cases of practical relevance, the above méoned the channel phase is estimated by using the expectation-

complexity becomedinear in the channel memory. This does not maximization (EM) algorithm, as originally proposed in [24
happen in the same cases when detection is performed by usmg[27] for turbo codes, and the estimation algorithm is emieedd

the Viterbi algorithm or the BCJR algorithm, suggesting that the . - . .
use of factor graphs and the sum-product algorithm might be into the LDPC iterative decoding process. On the contrary,

computationally more appealing. As an example of applicain N [23] a class of problems is identified for which the op-
of the described framework, the cases of noncoherent and flat timal (in the sense of the generalized-likelihood ratiot)tes
fading channels are considered. computation of the symbol a posteriori probabilities can be
Index Terms— Factor graphs, Sum-product algorithm, Channels performed with polynomial complexity and the application t
with memory, Phase-noise, Flat fading, Low-density paritycheck LDPC codes and the noncoherent channel is discussed.

codes, lterative detection/decoding, For flat correlated Rayleigh fading channels, the algorithm
in [28]-30] can be applied to LDPC codes only performing
|. INTRODUCTION trellis-based separate detection. On the contrary, fobltbek

N RECENT years, the extraordinary success of turbo cod@ling channel, an algorithm which can be directly applied t

I has stimulated the rediscovery of another class of codé§ case of LDPC codes is described in [31]. This algorithm

exhibiting similar performance and characteristics [lfieFe is based on an estimation of the fading amplitude and a
codes, calledow-density parity-checKLDPC) codes, were guantization of the channel phase for each fading block but
first introduced by Gallager [2] in their originatgular ver- similar approaches can be conceived for correlated fading
sion. The recently conceivetegular LDPC codes exhibit an channels, for example based on a channel Markov model (e.g.,
impressive performance outperforming the best known turge [29]) and a Kalman smoothing approach [6], [32].

codes [3]_[5] This paper proposes a new genera| framework,p\ more detailed discussion must be devoted to [33] In

based on factor graphs (FGs) and the sum-product algoritif@t paper, a general framework to solve the problem of
(SPA) [6], for designing decoding schemes for channel codi®nt decoding and estimation, in the presence of unknown
transmitted over channels with memory with particular emphParameters, is described. The approach is Bayesian, fiee., t

sis to LDPC codes. Since the derived algorithms are iteratighannel parameters are modeled as stochastic processes wit
known statistics and the use of FGs [6] that include both
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method ofcanonical distributionds adopted. By specializing is exponential inC. The possibility of an implementation of

the approach of [33] to particular channel phase statistitee receiver for any value of' is a key point since this

and canonical distributions, several algorithms for ndvezent parameter has a fundamental role in determining the receive

detection of LDPC codes have been proposed [34]-[37]. Foerformance. In fact, the optimal value 6f must be chosen

fading channels, it can be shown that the algorithm in [31] cas a function of the channel rate of change—the faster the

be rederived using the framework in [33] and also the weléhannel, the lower the optimal value 6f.

known Kalman smoother can be seen in this light [6],[32]. The remainder of this paper is organized as follows. Section

From the above mentioned papers, it is clear that the choitentroduces the channel model. The basic concepts on FGs

of the canonical distribution becomes crucial to deterntivee and the SPA are also reviewed. The proposed framework

performance and the complexity of the derived algorithms. for approaching the problem of joint detection and decoding
In this paper, an alternative Bayesian framework is def LDPC codes is described in Section Ill and possible

scribed. As in [33], our framework is based on FGs and tlmmmplexity reduction methods are described in Section V. |

SPA [6] and, in fact, by means of a factorization of the joinBection V some examples of applications are detailed. lgjnal

a posteriori probability of the information symbols, we igler in Section VI we present some numerical results and in Sectio

an FG representing both the code constraints and the chanvigélwe point out some concluding remarks.

model. In this FG, however, the channel parameseesnot

explicitly represented since they are a priori averaged out Il. SYSTEM MODEL AND PRELIMINARIES

The application of the SPA to this FG leads to an iterativ/g_ System model

scheme for joint detection and decoding. The above merdione . L
factorization is exact in the case of channels withite N the considered transmission system, a sequengé-afy

memory, such as a channel with known IS, and approxim#2de Symbols: = {c,} is transmitted from epoch 0 to epoch
for channels withinfinite memory. This latter case includesl —1- These code symbols are obtained from the encoding, by

a noncoherent channel and a flat correlated Rayleigh fadifigans of a codé, of a sequence of information symbals=
channel. For these channels, the factorization is apprateim L%}~ The encoding function mapping information sequences
in the sense of a finite dependence assumption. a into the codewordg will be denoted bye. This function

The proposed framework generates algorithms non-trelliill @lso include pilot symbols inserted in the sequence
based. Although the logarithm of the function associatd@ @void phase ambiguity problems. A sub-sequence of code
to the generic factor node is the same basic metric usenPOIs is denoted in vector notation as
in trellis-based algorithms (in_the V_iterbi algorithm V\_/hen Cif = (Chy s Chy s - > Chy ) » K2 > Ky (1)
MAP sequenceletection is applied or in the BCJR algorithm
implementing MAPsymboldetection), this must be considered e sequence of code symbols is then modulated and trans-
a new result. In fact, the structure and the characteristics Mitted over a channel which is modeled as a noiseless filter
the derived algorithms are very different. As an example, tPossibly stochastic) rendered noisy by additive white $5au
algorithms developed by using our framework are well suiteétah noise (AWGN) with one-sided power spectral denaigy
for a fully parallel implementation of the detector/decode At the receiver side, by means of a discretization process,

As shown in the numerical results, it is not possible to saf}e received signak(t) is converted into a discrete-time
in general, which approach is better in terms of performangégduence = {r;} [39]. We assume that a single sample
and/or complexity since for some channels the approachiﬁqused for each code symbol, which is practically sufficient
[33] is favorable, whereas for other channels it is not. la ti{n Mmany cases. In the case of oversampling, the extension
approach in [33], the choice of the used canonical distiobut is straightforward—the observatiop must be considered as
is a critical point and must be performed “ad-hoc” for th@ vector whose dimensionality is given by the number of
channel at hand [37], whereas the proposed framework S@mples per code symbol. With a notation similar to that used
independent from subjective choices and in general givi code symbols, the sub-sequence of observatong; ;.
good performance and affordable complexity, as it will b denoted b}rﬁf-
shown in the numerical results. Hence, it is interestingaech ~ We also assume that the channeldausal that is the
multiple frameworks since there is no a clear advantage ef opbservation sequencef up to epochk depends on the
framework on the other. code sequence up to epoéhonly. This condition may be

The case of a channel which introduces known 1SI is nfermulated in terms of the following statistical dependenc
explicitly considered in this paper since analyzed in depth ki ki
in I?38]. On the contrary, the F?‘oél.:us will be on LDPC codSS p(rgle) = plroleo) 2)
transmitted on noncoherent or flat correlated Rayleighnfadiand is verified in all commonly used channel models. As an
channels. For these channels and equal energy signalgxample, for the cases of a noncoherent channel, a flat or a
modified version of the described FGs may be devised. Tirequency-selective fading channel, and a channel wittwkno
application of the SPA to these modified graphs has a coand time-invariant ISI, the condition is verified, by coresitig
plexity linear in a suitably defined channel memory parametdioth linear or continuous phase modulations (CPM).

C, allowing a low-complexity receiver implementation fot al Two channel models will be considered in the following. For
practical values ofC. Notice that this does not occur in thea noncoherent channel, which is characterized by an unknown
corresponding trellis-based algorithms in which the caxity  stochastic and possibly time-varying phake considering a
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linear modulation at the transmitter side and assuming thahere, following the notation of [6], we indicate @N{xi}
one sample per code symbol is adequate (as in the absencthefsummary operator, i.e., a sum over all variables ex-
strong phase variations), if transmit and receive filteessarch  cluding =;. If the FG contains cycles, convergence to the
that there is absence of ISI, we have the following obsewmatiexact marginal pmfs is not guaranteed. Moreover, the SPA is
model: inherently iterative. Nevertheless, for many relevantyems
re = cped® 1wy, (3) characterized by FGs with cycles, the SPA was found to
provide very good results and therefore it represents deviab
where wy, is a discrete-time complex AWGN noise samplgolution to the approximated marginalization of multizdei
with each component of varianeg = No. In Section V-A, pmfs when exact calculation is not feasible because of com-
for the phase noise proce¢s; }, different statistics will be plexity. Remarkably, the ubiquitodmelief propagatioriterative
considered leading to different detection algorithms. decoding algorithm used to decode LDPC codes [41], the
For a flat correlated Rayleigh fading channel, assuming fturbo-decoding algorithm [6],[42],[43], turbo multiuséetec-
simplicity that a sampling rate of one sample per infornmatiction/decoding [44] and turbo equalization algorithms [{14]
symbol is adequate, the observation can be expressed as are instances of the SPA or approximations thereof.
A message-passing schedulethe SPA is the specification
"k = frcr +wi (4)  of the order in which messages are updated. In general, espe-

where {f,} is a sequence of zero-mean complex Gaussigﬁi"y for graphs with cycles, the so-calléboding schedule

random variables with autocorrelation sequence modeled é?c;domedtl[‘ls]l:l :cn teach |(';erat|on, all variable node? at':]d.
cording to isotropic scattering [40], i.e., given by & f;_,.} subsequently all factor nodes pass néw messages 1o heir

— Jo(2nfpTn), where Jo(-) is the zero-th order Bes’Selneighbors. This schedule is well suited for a fully parallel

function and/fpT is the normalized Doppler rate implementation of the iterative detectors/decoders mtese
b ' in the next section. Other schedules may be adopted, serial o

mixed serial-parallel, according to the specific implenaéioh
B. Factor graphs and the sum-product algorithm. requirements.

We now review the basic concepts of FGs and the SPA
by using the notation of the excellent tutorial paper [6]t Le I1l. DETECTIONALGORITHM
X = {z1,...,zn} denote a set of variables anf(X) The application of the SPA [6] to an FG representing
a multivariate function. LetB;,...,B,, denote subsets ofthe joint a posteriori pmf of the information sequenae
X. We say thatf(X) admits a factorization with supportsconditioned on a given observation sequemceallows the
Bi,...,Bn, if f(X) can be written as the product of theexact or approximate computation of the marginal a posierio
functions{f; : j = 1,...,m}, where f; has the variables pmfs P(ax|r) [6]. Therefore, this algorithm may be used to
in B; as arguments. The FG representing the factorizatighplement the MAPsymboldetection algorithm. In fact, the
f= ]_[j f; is abipartite graphG = {V, F, £}, where nodes in optimal MAP symboldetection rule minimizing the average
V (variable nodes) are associated with the variables X, symbol-error probability is given by
nodes inF (factor nodes) are associated with the functions
f;, and there exists an edgee £ joining x; and f; if and
only if z; € B; (i.e., if z; is an argument off;).

Let f(X) be a probability mass function (pmf). Then, if th
FG corresponding to the factorization pfhas no cycles,the
marginal pmfs can be computed exactly in a finite number of P(alr) ~ P(a)p(rla) ~ P(a)x[c = nc(a)]p(r|c)

1

ay, = argmax P(ak|r). @)
ak

From the definition of the encoding functigg we obtain the
Sactorization

steps by the SPA [6]. The SPA is defined by the computation K—
rules at variable and at factor nodes, and by a suitable node ~ xle=nc(@)] [] ptrelrt " cf) (8)
activation schedule. Denoting Qy,, .y, (z;) a message sent k=0

from the variable node; to the factor nodef;, by 1is, .. (%i)  where we have used the causality condition (2) and the fact
a message in the opposite direction, and Ay the set of hat the output signal pdf(r) does not depend om assumed
functionsf; havingz; as argument, the message computatiopgat the information symbols are independent, uniformlg an
performed at variable and factor nodes are, respectivély [Gidentically distributed (henc@(a) = const.), and denoted by

x[c = ne(a)] the code indicator function, equal to 1 dfis

Py p; (5) = H Hh—z (23) ®) the codeword corresponding #cand to zero otherwise. In (8),
he A \{f;} the symbol~ indicates that two quantities are monotonically
related with respect to the variable of interest (in thiseca}.
pr—e(z) = Y [ H0veB) T m—rn®) If the probability density functionp(ry,|r5~1, ck), which
~{ai} yeB\{z:} ) appears in (8), satisfies the condition
6

p(rileg ™" cf) = plrelrg ' ck_c) 9)

1A cycleis a closed path in the graph and length is defined as the h Ci itabl h h | Figi
corresponding number of path edges. The length of the sshaele is the WNErecC' Is a suitable parameter, the channel hage mem-

girth of the graph. ory [46],[47]. For this reason, paramet€rwill be nicknamed
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Code constraints, x(c) The resulting (approximate) expression®fa|r) becomes
K-1
P(alr) ~ x[c = ne(a)] [] plrlei"focic)  (13)
k=0

“ “ ¢ © and the corresponding FG is similar to that corresponding to

(10) with p(rg|rf ', cF_ ) substituted by(ry|ri %, ek ).

The logarithm of the functiop(r|rf~%, cf ) associated

to the generic factor node modeling the channel is the same
basic branch metric used in the Viterbi algorithm when MAP

p(roleo) pri|ro, cd) p(ralrd, ) p(rs|rd, c3) plralrd, cd) p(rsrd, c3) sequenceletection is applied or in the BCJR algorithm imple-
_ menting MAP symboldetection [47]. However, the structure
Fig. 1. Overall factor graph fo€’ = 2. and the characteristics of the derived algorithms are very

different. As an example, as already mentioned the algusth
. o i .. developed by using our framework are well suited for a
finite memory parameteiSubstituting (9) into (8), the joint |1y parallel implementation of the detector/decoderh@t
a posteriori pmf of the information symbolB(a|r) may be gifferences will be outlined in the next sections.
expressed as The quality of the convergence of the SPA to the exact
o1 mharginalhprobabilities islin gegeral determined b)é thergbtl f
- _ k=1 _k the graph. As an example, in designing LDPC codes, cycles o
Pafr) ~ xle = ne(a)] H p(relro ™ €k—c). (10) length 4 must be avoided to ensure decoding convergence. The
FG derived from the proposed factorization has, in general,
The corresponding FG is shown in Fig. 1 fof = 2, and girth 4 (as one can see in Fig. 1). Surprisingly, we verified by
represents both the code constraints (describeg(by) and computer simulations that these length-4 cycles involwing
the channel behavior. In general, the code constraint flmmct factor nodes which model the channel behavior often do not
can be also represented by means of an FG. This gragffect the convergence of the algorithm. If this is not theega
is a portion of the overall FG and is connected with thgs for transmissions over ISI channels, FG transformatans
graph representing the channel behavior. With respectAe SBe adopted [38].
based decoding schemes for LDPC codes over a memoryless
channeladditional factor nodesnust be added at the bottom IV. COMPLEXITY REDUCTION

of the graph, as shown in Fig. 1. These additional factor aode The complexity of the proposed algorithms may be re-
perform a marginalization, based on the channel model,-wi§jced following a technique similar to that described in][48
out taking into account the code constraints. The complexifr BCJR algorithms or to reduced-state sequence detection
of this marginalization is, in general, exponentialGn (RSSD) used for MAP sequence detection [49]-[51]. In fact,
The finite memory condition (9) is exactly verified in thepy choosing an integep < C, the updating rule (6) at factor
case of channels with known ISI. In fact, in this case it is nodes modeling the channel can be simplified as follows: the
P L C — @ symbols with highest reliability are hard-quantized
p(relrg ", ¢g) = p(rilei_c) (11) pased on the messages on the graph and the sum is performed
i i ) i over the@ symbols with lowest reliability. In this way, the
where C' is tr_]e Iengt.h of the dlscreteitlme c_hanpel !mpmsgomplexity becomes exponential . With respect to the
response. This case is not further considered in this papEE s gy o the Viterbi algorithm, the complexity of these novel
it is analyzed in depth in [38]. If the finite memory conditionyatection algorithms can be reduced more efficiently, due to
(9) is not verified in an exact sense as for a noncoherenty gt jigerent structure of the algorithm. In fact, we areeata
a fading channel (channels withfinite memory), an FG May a4 quantize the symbols with highest reliability redesd of
be devised but the complexity of the message computationygl;. sition. On the contrary, when the BCJR or the Viterbi

the factor nodqp(rk|rf§*1,c{§) modeling Fhe cha_nnel growgalgorithm is used, we are constrained by the trellis stmectu
exponentially withk and thus becomes impractical. For thl:fo a truncation of the farthest symbols [48]-[51].

reason, an approximation is introduced assuming at  ror equal energy signals, a modified version of the de-
depends on th& most recent observations and the most recegl ;e FGs for noncoherent and flat fading channels may be
¢ = R code symbols only. Thiinite dependence assumptionye,jseq. In fact, in the next Section we will show that for
may be expressed as fading channels the functign(r|c) factors into the product of
functions of two code symbols. For noncoherent channeds thi
factorization is not exact but involves a simple approxiorat

This property, in general adopted in all practical deten:tioThe SPA on these modified graphs has a compléitigar in

schemes, is intuitive in the case of time-varying chanrlels. C, allowing a low-complexity receiver implementation fot al

fact, in this case the conditional observations are asytipt Isric;tg:;;;/alues ol in other words, no complexity reduction
cally independent for increasing index difference. Alsdhis )
case, parametar’ will be denoted to as memory parameter. 2A partial representation by using set partitioning can s @dopted.

k=0

p(relrs ™", e5) = p(relry "k, ek c)- (12)
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V. EXAMPLES OF APPLICATIONS Egr {p(rf_,|ck_o,0%_c)} which appears in (18), does
k—C

A. Noncoherent Channel not exist. However, a very good approximation can be found.

In this Section, we consider the application of the fram& Using the following approximate result [53]

work described in the previous Section to the case of a

27 _(z—)?
noncoherent channel. The system model is given by (3). / e P
First algorithm — For the time being, we model the channel vV QWUA
phase as a time-invariant random varialewith uniform __To(lz]) e [H‘jA“Z‘e*”] (19)

distribution in[0, 27). However, the finite dependence property
(12) will lead to a detection algorithm that can be used for
slowly-varying channels also. In this case, iths= C' and the wherez is a complex number and andy are real numbers,
probability density functiorp(rk|r’,§:};, cf_ ) which appears it is possible to express

in (13) may be expressed, as

lo(72m71)

B rf_olck_ ,0k7
R Ee{p(rﬁ c|C]1§ o0} o C{P( r—clCi—c:0rx_c)}
p(relriZes ci_c) = ] (14) k ) k
Eg{p(rk clCr— 0,9)} H \(|2:])e ‘2 H 1
v |zi]
The pdfsp(rf_,|ck o, 0) andp(ri~¢|cr—L, 6) which appear i=k—C i=h-c+1 lo(Ts )
in (14) are now Gaussian pdfs. By averaging with respect to (20)

0, after straightforward manipulations we obtain

o (&

. where coefficientg; can be recursively computed as
im0 Th—iCl

) lew [ N
k e_fﬂ_ (15) TEC,

(Tk|rk Cack c) ~ _
0 (0_12 210:1 Th—iCh_; ) kT e
. o . Zi Tic1Ci g
where Ip(z) is the zeroth order modified Bessel function Zi—1 1552 3
of the first kind. Unless the above mentioned technique for o4z ?
' i=kk—-1,...,k—C+1. (21)

complexity reduction is adopted, at these factor nodes Bfe S
performs a marginalization whose computational burdewgro
exponentially withC.

The described algorithm is the graph-based version
the trellis-based algorithms in [52] and [19]. As previgusl
mentioned, although the logarithm of the function assediat

to the generic factor node is the same basic metrics u ;]%c(ejsslary ith E i h
in [52] and [19], the algorithm has different structure an ird algorithm — For a general time-varying phase process
characteristics. , assumed stationary, zero-mean and described by a given

70
Second algorithm— We now consider the case of a tlmeautocorrelatlon sequence of the phasor prodgss= e’™,

0., j0
varying channel phase. A realistic model of phase noise §°t€d byRj,(n) = E{e/"+ke™2%}, we can extend the
based on a discrete-time Wiener procéss= 0 1 + Ap., approximate linear predictive approach described in [o4] f
characterized by iid. Gaussian incremerdts with mean Viterbi-based MAPsequenceletection rece|ver%lnth|s case,

k
zero and standard deviatien,, descriptive of the phase noisel '€ Probability density function(ry|ry "¢, ¢ _c) may be
intensity. Hencé approximated as (omitting irrelevant constant terms) [54]

The term EO‘ 1 {p(r Llck=L,07~L)} which appears in
gf8) can be computed similarly. Even in this case, the compu-
tatlonal burden grows exponentially withand the complexity
reduction technique described in the previous sectionrbeso

P(Ok|Ok—1,0k—2,...,00) = p(Ok|Ok—1) p(rlri— ¢ cioc)
1 ,M c Th—i
————¢ A k=1..,K-1 (16) mexpd - |y o =P (22)
\/ 27TUA o2 | Z Th—i
1 € 1=1 ’L(,k,
p(0o) = 5, 0o €0, 2m). 17) - . -
™ where, in this case}’ assumes the meaning pfediction or-

Considering the channel model (3), the pdéer, {p;}<, are the prediction coefficients ang is the mean
p(ru|r} &, ck_o) which appears in (13) may be expressedquare prediction error. The prediction coefficieris}C
as can be computed by solving a Wiener-Hopf linear system
- Eg-__ {p(rf_clek_c, 05-c)} ﬁp :trlo ¥vf|1|ere_R is a square”’ x C' matrix whose elements
p(rilrf =L ek o) = , T T (18) have the following expression

Eek l{p(rk clCk—-c> _
R | Ra(|€—m]) if (#m
Rlem = Ry(0)+ 225 i L=m

having denoted by 6> = (0k,,0k,41,..-,0k,). In (23)

this case, however, an exact closed form expression of

SNote that, since the channel phase is defined moddalus the pdf 4For the above mentioned discrete-time Wiener processgisy to verify
p(05|0,_1) can be approximated as Gaussian only i < 2. that Ry, (n) = e~ InloA/2,
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Code constraints, x(c) which appears in (13) may be expressed, based on linear
prediction [28], [55]-[58], a%

P(Tkh“ﬁ:lo Cﬁ c)

rkt
k_CkE pt ]

k—1

~exp{ —

(27)

_2
6

As for the third algorithm in Section V A, paramet€rcan be
interpreted as therediction order {p;}$_, are the prediction
p(rolco) gor G2 Gz G153 923 G24 G4 G35 945 coefficients, ando? represents the mean square prediction
error. Coefficients{p;} and the mean square prediction error
can be computed by solving a Wiener-Hopf linear system, and
in general depend on the considered code sequence.

Fig. 2. Simplified overall factor graph for PSK signals afid= 2.

p A [p1 - pC]T is the unknown vector, and> = For PSK signals the prediction coefficients and the mean
Ri(1), R (2 ) ,R,(C)]T. The mean square prediction erSquare prediction error become independent of the coresider
ror may be expressed as [54] sequence. Taking into account that| = 1, after straightfor-
ward manipulations we have
o2 = Ru(0 ZpLRh (24)  p(ralry"gocioc)

c
2 * *
For phase shift keying (PSK) signals, the prediction coeffi- ~ exp {; ZRe[pirkrkickck—i]}
cients and the mean square prediction error become indepen- € =1

dent of the conS|dered sequence. In addition, approximatin 9 . & .

IS pi=i| ~ |9, pi|, and taking into account that eXp{~—3 > > Relpperi-iri_ci_scnd) -

Ch—i i=1 f=it1
(28)

lek| = 1, we have

p(rk|r2_éacllz—0) L . . . .
B Substituting (28) into (13), it can be easily shown, by griagp

C . .
~ ex 2 N Z - the exponential terms which depend on the same argument
P 02| % pil ROk ,_1p’ ki Th—iT}_,Ci_icr—s, that the resulting (approximated for the

c B . = finite dependence assumption only) joint a posteriori pmf of

_ Hexp { 2Re [pirkCyrh_iCh—i] } the information symbols becomes
C
i= 02> i1 pi
- X pi Ko
P(alr) ~ xle = ne(a)] ] [] e (29)

= [ ox—ix(cricx) (25) k=0 i=1

1
having defined

~.

where ¢; = p; — Zec:lipgp4+i. The corresponding FG is
similar to that depicted in Fig. 2 and hence the complexity is
2Re [pirkCir_ i) } (26) linear in C. This is a fundamental difference with respect to

5 trellis-based linear predictive receivers [28], [55]]5&hose
oc Z 1 7il complexity isexponentiain the prediction order, and suggests
This further factorization has a direct impact on the graghat by using the tool represented by FGs and SPA new com-
structure. In fact, each factor node can be decomposedintgutationally efficient algorithms can be derived. In aduitias
simpler degree-2 factor nodes. As an example(foe 2, the already mentioned, the derived algorithms are also weledui
corresponding FG is that in Fig. 2 (for brevity, the argunsentor a fully parallel implementation of the detector/decode
of functionsgy_; « (ck—;, cx) are omitted). Hence, for increas-
ing values ofC', the number of factor nodes increases linearly V|. NUMERICAL RESULTS AND COMPARISON WITH
but the computational burden at each factor node remains the EXISTING ALGORITHMS
same. In addition, in this modified FG there are no cycles of

. ) -_In this Section, the performance of the proposed detection
length 4 in the part of the graph modeling the channel. Thé%hemes is assessed by computer simulations in terms of

approach can also be used when the phase is time- mvarl%n[t error rate (BER) versusZ,/No, Ey being the received
In this case, it isp; = 1/C andog = 207, signal energy per information bit. The considered code is a
(3,6)-regular LDPC code with codewords of length 4000. The
B. Flat Fading Channel binary PSK (BPSK) modulation is used and a maximum of
We now consider the case of a transmission over a @0 iterations of the SPA on the overall graph, by using the

Rayleigh fading channel. The system model is given by (4)'5The case of a different flat fading model such as, for examitie,

In this case also, it |SR = C: Omittipg irrelevant con- Nakagami fading [59], can be easily managed by simply ctranghe
stant terms, the probability density functlpm|r’,§:};, cf ) expression op(rg|ri =L, ck ).

gkﬂ',k(ckm Ck) = €xp {
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flooding schedule, is allowed. A pilot symbol every 19 code  1¢°
bits is added to avoid ambiguity problems. This corresponds
to a decrease in the effective transmission rate of a factor X

-1 y r
19/20, resulting in an increase in the required signaldisa 10 “’“"\%
ratio of 0.223 dB which has been introduced artificially ie th x \
curves labeled “perfect channel state information” (CSl) f 102

»

the sake of comparison. Hence, the gap between the “perfeﬁt \ ¢

CSI” curves, which refer to the case of perfect knowledge ofd 3 \

the channel phase/fading, and the others is uniquely dueeto t  10° | "—— orecrcsi A

X L . -~

need for phase/fading e_stlmat|on/co_mpen_sat|on, and nibieto S gcsz,c::s

rate decrease due to pilot symbols insertion. 104 || —®— c=s
—8— BCJR,C=5 \\} \
—— (C=5,Q=1
—v— C=8,Q=1

A. Noncoherent Channel 105 —— C=12,Q=1 \ 4

In Fig. 3 and Fig. 4, we show the performance of the first 0.5 1 15 2 2.5 3 3.5
and third detection algorithm of Section V-A for different Ey/No

values of C' in the case of a noncoherent time-invariant

channel. In Fig. 3, the first algorithm is considered and

compared with the ideal coherent receiver. To demonstrate
that, in this case, the presence of cycles of length 4 does 1¢°
not affect the convergence of the algorithm, we also show,

for C = 3 andC = 5, the performance obtained when the a L, J— .
detector is implemented by using the BCJR-type algorithm 10 NS ‘\\

in [19]. In this case a BCJR step is run, by using the classical \\\\ \\\

forward-backward schedule, every LDPC decoder iteration. 1g2

Fig. 3. Performance of the first algorithm in Section V-A.

It can be easily shown that this algorithm can be derived \

starting from the proposed graph-based algorithm, incody @ 3 \ \

hidden variables representin@jlc, and changing the adopted 10

schedule [6]. It can be observed that, although the proposed \ \\ \

algorithm employs a fully parallel schedule and operates on 154 || —f— gggect csl %

a graph with girth 4, the performance loss is negligible. The —e— C=5

complexity reduction is also considered to increase thes@ha == &5 \ \

memoryC' without an increase in complexity. As intuitively 10 05 1 15 ) s 3 35

expected, the performance of the ideal coherent receiver is E/N
approached with limited complexity. In fact, a value@f= 1 0
is in practice sufficient to attain the performance of the-ful
complexity receiver. For the third algorithm of Section V-A
which for BPSK has a complexity linear iff, similar consid-

erations do not hold. It can be observed that larger values ofror 5 \Wiener phase model witha = 6 degrees, in

C are required with respect to the first algorithm to obtain Big. 6 we compare the performance of our best algorithm
given performance and, in addition, from Fig. 4 it seems thah this case, the algorithm based on linear predictionjiwit
this algorithm is not able to reach the optimal “perfect CSlkoyy other algorithms described in the technical literatidhe
performance, due to the approximations introduced to Dbtgjyst and the second algorithms are based on the canonical
an algorithm with complexity linear i’ (see Section V-A). gistribution approach in [33]. Namely, in the first case we
We now consider (see Fig. 5) a time-varying noncoherepnsider a discretization of the parameter space which cor-
channel. The phase noise is modeled as a discrete-time Wieﬂ&%ponds to letting the canonical distribution be a weighte
process described by sum of impulses. This approach has been adopted for Viterbi-
Ok = Op—1 + Ay (30) and BCJR-like receivers in [60] and [17], respectively. The
channel phasd), is assumed to take on the following
where{A} is a white real Gaussian process with zero meamlues:©® = {0,27/L,...,2n(L — 1)/L}. Obviously, the
and variance% . The performance of the algorithms describedorresponding receiver becomes “optimal” (in the sensé tha
in Section V-A, with the corresponding values@foptimized it approaches the performance of the exact SPA) for a suffi-
by computer simulations, is shown fety, = 6, 12, and 16 ciently large number of discretization levels, at the exgasn
degrees. All the proposed detection algorithms are veryspb of an increasing computational complexity. We found that
especially those designed taking into account the chandel= 16 values are sufficient to have no performance loss.
statistics. A wide range of possibilities are available e t The second algorithm is based on a Tikhonov canonical
designer to choose the desired trade-off between perfaenadistribution [36],[37]. This algorithm is computationaiery
and complexity. efficient since a couple of complex parameters only must

Fig. 4. Performance of the third algorithm in Section V-A.
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0

10

10 ", = 6 deg. model and cannot be extended to variab{és} which do
‘ 0, = 12 deg. not form a Markov chain. In addition it is not suited for a
107! e e e or bk 16-de fully parallel detector/decoderimplementation sinceravird-
. ' I\ a ° backward schedule is necessary to assure a good performance
/ On the contrary, the proposed third algorithm, which exkibi
1072 1 an almost optimal performance (and the slope of the curve
% \ is the same of the practically optimal approach based on
@ & discretization) with limited complexity, is expected to ko
10 \ well also for different phase noise models, since it uses the
\\ \\N\ \\\\ \\\ information of the phase autocorrelation function.
107" —+— perfect CSI 1
1 %ﬁba;?g%i \\Y\. \\ \. \ B. Flat Fading Channel
-5 | | —*— 3rdalg. Y Finally, we consider the performance of the algorithm
2

25 3 3 described in Section V-B for a flat correlated Rayleigh fadin
Ey/Ng channel with normalized Doppler ratép7T = 1072, The
performance in the case of perfect CSl is also considered for
Fig. 5. Performance in the case of a time-varying channet@hahe value comparison. Obviously, for increasing values of the memory
of C'is optimized in each individual case. parameterC there is a performance improvement. A similar
behavior is observed for different values of the normalized

0.5 1 15

10° Doppler rate. In addition, due to the linear complexity of
— Gt csl the detection algorithm, it is possible to implement reegv
4 A T i giiiﬁgergabﬂts with values ofC higher than those used in [28],[55]-[58] for
107 T g \\ —a— EM-SW ] Viterbi- or BCJR-based algorithms, thus closely approaghi
\\\%\ \ —7— ullra lastN=20 the performance of the receiver with perfect CSI.
102 The flat fading channel is a case in which our framework
o \\ &X\ is favorable with respect to the framework in [33]. In fact,
o0 the explicit representation of the channel parameterstimo
10° FG and a fading model autoregressive of order(AR(N))
\\ X\ leads to an algorithm for joint decoding and estimation in
10% R which the fading estimate is obtained through a Kalman
\& Y smoother [6], [32]. The value ofV = 1 is the only one
. \ \é\ considered in the literature on graph-based algorithm$, [32
10 yielding the so-calledscalar Kalman smoothewhich, how-
05 L L5 2 25 s 35 ever, is not sufficient to attain a good performance, as shown
Ey/No in Fig. 7. Values ofN ~ C > 5 should be adopted to obtain
Fig. 6. Performance in the case of a time-varying channes@ah@omparison a gOQd performance comparable with that of the proposed
with other schemes. algorithm. In this case, however, the number of parameters t

be recursively updated in the forward and backward recnssio
[32] is N + N(N + 1)/2 and therefore the complexity is

be updated in a forward-backward fashion [36], [37]. Thauadraticin N [61]. Hence, for a value ofV ~ C, the
third algorithm is the “ultra fast” algorithm with overlapd Proposed algorithm is less complex since its complexity is
windows described in [23]’ with the value of Optimized by linear in C. In addition, a fU”y parallel schedule, such that
computer simulation. Finally, the fourth one is based on tt@slopted by the proposed algorithm, would havily degrade the
EM algorithm [22],[24]-[27]. In order to adapt this algdnih  Performance of the Kalman smoother.

to a time-varying channel phase, different phase estimates

are computed for each code symbol, taking into account the VII. CONCLUSIONS

contribution of the adjacent symbols belonging to a window | s paper, the problem of joint detection and decoding of

whose dimension is optimized by computer simulation. FQippc ¢odes transmitted over channels with memory has been
this reason the algorithm is denoted by EM with sliding,qjqered. A general method to build a factor graph, taking
window (EM-SW). We found that the optimal window hagy, account both the code constraints and the channel behav
width of 60 symbols for the considered phase noise. ior has been described. The application of the sum-product

In the third and fourth case, the performance loss is due 4@yorithm to this graph allows the (approximate) compotati
the fact that these two algorithms are designed for a diftere
phase model, i.e., a block-constant phase. The more efficierfFrom a theoretical point of view, at least in the absence ifache inverse
algorithm, both in terms of performance and complexit)?,f the innovation filter [62] generating an AR() process is a finite impulse
. . . S response filter whose coefficients are the prediction casfiis. Hence the
is that based on the Tikhonov canonical distribution. Thl§ediction order iSC' = N. In case of isotropic scattering, the fading is not

algorithm is however specifically tailored for the Wieneaph exactly AR, and in the considered case noise is present.
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Fig. 7. Performance in the case of a flat correlated Rayleaging channel
with fpT = 102,
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of the marginal a posteriori probabilities of the infornoati (141
symbols, thus implementing maximum a posterisymbol
detection.

The function associated to factor nodes modeling the cha#?
nel is shown to be the same basic branch metric used in the
Viterbi algorithm when maximum a posteri@@quenceletec-
tion is applied or in the BCJR algorithm implementing maxi-
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