
Non
oherent Iterative De
oding of Spe
trally EÆ
ientCoded ModulationsGianluigi Ferrari Giulio Colavolpe and Ri

ardo RaheliCommuni
ation S
ien
es Institute Universit�a di ParmaDepartment of EE - Systems Dipartimento di Ingegneria dell'InformazioneUniversity of Southern California Par
o Area delle S
ienze 181ALos Angeles, CA 90089-2565 43100 Parma - ITALYSubmitted: January 15, 2001Revised: April 24, 2001Abstra
tIn this paper, we 
onsider possible solutions for non
oherent de
oding of 
on
atenated 
odeswith spe
trally eÆ
ient modulations. Two main 
lasses of s
hemes are 
onsidered. A �rst
lass is obtained by 
on
atenating parallel 
oding s
hemes with di�erential en
oding. Ase
ond 
lass 
onsiders serially 
on
atenated 
oding stru
tures and possible s
hemes derivedfrom turbo trellis 
oded modulation (T-TCM), whi
h do not employ di�erential en
oding.In the �rst 
ase, at the re
eiver side we 
onsider separate dete
tion and de
oding, while inthe se
ond 
ase we 
onsider joint dete
tion and de
oding. The major problem 
onne
tedwith su
h an iterative de
oding pro
edure is that taking into a

ount an augmented 
hannelmemory leads to an intolerable trellis size, and hen
e to an impra
ti
al de
oding 
omplexity.Redu
ed-
omplexity te
hniques suited to iterative de
oding be
ome fundamental, and we
onsider a re
ently proposed state-redu
tion te
hnique. This way, the performan
e of a
oherent re
eiver is approa
hed, by keeping the number of re
eiver states �xed.
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ient... 21 Introdu
tionSin
e their appearan
e, 
on
atenated 
odes with iterative de
oding [1, 2℄ have stimulateda great resear
h interest be
ause of their performan
e 
lose to the Shannon limit. Due tothe growing data 
ow in future 
ommuni
ation systems, where 
on
atenated 
odes 
ouldbe used, it will be more and more important to a
hieve high bit-rate transmissions, i.e.,merging large 
oding gains with spe
tral eÆ
ient modulations. Hen
e, a very promisingresear
h area is related to the 
ombination of 
on
atenated 
odes and iterative de
oding [1, 2℄with modulation s
hemes whi
h allow bandwidth eÆ
ien
y, su
h as trellis 
oded modulation(TCM) [3℄.Possible 
ombinations of 
on
atenated 
odes and spe
trally eÆ
ient modulations havebeen 
onsidered in the literature. They are usually referred to as turbo trellis 
oded mod-ulation (T-TCM) s
hemes. The �rst s
heme in the literature appeared in [4℄, where theoutput bits of a turbo 
ode are mapped, after pun
turing, to a phase shift keying (PSK)or quadrature amplitude modulation (QAM) 
onstellation. Another example of \pragmati
approa
h" to spe
trally eÆ
ient modulations for turbo 
oded systems has been proposedin [5℄. In [6℄ an \ad-ho
" approa
h has been 
onsidered, by using Ungerboe
k 
odes [3℄ as
omponent 
odes and pun
turing the modulated symbols. In [7℄ possible s
hemes to jointlyoptimize the parallel 
on
atenated 
ode and the mapping are proposed. In [8℄ a T-TCMs
heme identi
al to that proposed in [6℄ is des
ribed and a suitable appli
ation of soft-outputViterbi algorithm (SOVA) to multilevel modulation is 
onsidered. The versatility of T-TCMs
hemes, besides the performan
e, is the main 
on
ern in [9℄.All the proposed s
hemes [4℄-[9℄ 
onsider transmission over an additive white Gaussiannoise (AWGN) 
hannel. It be
omes a diÆ
ult task to extend the proposed stru
tures to 
han-nels having memory. Bandpass transmission 
hannels 
an be modeled as non
oherent in thesense that the transmitted signal undergoes an unknown phase rotation. This stati
 phaserotation is responsible for an unlimited memory, at least in prin
iple. Re
ently, non
oherent
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oding of spe
trally eÆ
ient... 3iterative de
oding s
hemes for 
on
atenated 
odes have been proposed based on suboptimalsoft-output de
oding algorithms suited for non
oherent 
hannels [10℄. The interest in non
o-herent de
oding algorithms to be used in iterative pro
essing arises be
ause phase-tra
kings
hemes may deliver an unreliable phase estimate or require use of pilot symbols to avoidtra
king losses for very low values of signal-to-noise ratio typi
al of 
on
atenated 
odings
hemes. Furthermore, non
oherent s
hemes exhibit inherent robustness to phase and fre-quen
y instabilities su
h as those 
aused by phase noise and un
ompensated time-varyingfrequen
y o�sets in lo
al os
illators and Doppler shifts in wireless 
hannels. These problemsbe
ome more 
riti
al with an in
reased 
onstellation size, as in the s
hemes 
onsidered inthis paper. Moreover, sin
e there is no inherent performan
e degradation in non
oherentde
oding, provided the 
hannel phase is suÆ
iently stable [11℄, an extension of the s
hemesproposed in [10℄, where binary phase shift keying (BPSK) was 
onsidered, to stru
tures withan in
reased spe
tral eÆ
ien
y, is 
hallenging and of interest.In this paper, we propose possible solutions for non
oherent de
oding of 
on
atenated
odes with spe
trally eÆ
ient modulations. We 
onsider two main 
lasses of s
hemes. A�rst 
lass is obtained by 
on
atenating parallel 
oding s
hemes (turbo 
odes) with a di�er-ential 
ode. In this 
ase, at the re
eiver side we 
onsider separate dete
tion and de
oding:a non
oherent di�erential dete
tor is followed by a 
oherent turbo de
oder. A se
ond 
lassis obtained by 
onsidering serially 
on
atenated 
oding stru
tures [2, 12℄ and parallelly 
on-
atenated 
oding s
hemes derived from the stru
tures proposed in [7℄. At the re
eiver sidewe 
onsider joint dete
tion and de
oding for the 
omponent de
oders whi
h dire
tly re
eivethe 
hannel outputs (the inner de
oder for serially 
on
atenated 
odes and both 
omponentde
oders for parallel s
hemes). The basi
 non
oherent de
oder uses the non
oherent soft-output algorithm proposed in [10℄, where a parameter N is related to the assumed phasememory. In order to a
hieve satisfa
tory de
oding performan
e, N must be suÆ
iently large.Nonetheless, sin
e the memory and 
omputational requirements grow exponentially withN , it be
omes essential to apply redu
ed-state te
hniques, su
h as those re
ently proposed
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trally eÆ
ient... 4in [13℄.In Se
tion 2, we extend the 
onsidered soft-output non
oherent de
oding algorithm toM -ary modulations. In Se
tion 3, we des
ribe a suitable state redu
tion te
hnique. InSe
tion 4, we 
onsider spe
trally eÆ
ient s
hemes whi
h employ separate dete
tion andde
oding at the re
eiver side, whereas in Se
tion 5 we propose s
hemes whi
h employ jointdete
tion and de
oding at the re
eiver side. Numeri
al results are presented in Se
tion 6and 
on
lusions are drawn in Se
tion 7.
2 Non
oherent Soft-Output De
odingIn this se
tion, we extend the non
oherent soft-output algorithm proposed for binary mod-ulations in [10℄ to M -ary modulations. The algorithm will be des
ribed in the spe
ial 
aseof trellis 
oded modulation [3℄, where ea
h information symbol is related to more than onebit and the output symbol is mapped to a multilevel 
omplex symbol. For the formulation,we 
onsider the 
ase of a re
ursive trellis 
ode [3, 14℄. Generalizations to other 
odes, inparti
ular di�erential en
oding, are straightforward.We assume that a sequen
e of independent M�ary information symbols fakg undergoestrellis en
oding. Ea
h information symbol ak 
orresponds to a group of m = log2M bits,i.e., ak = (a(1)k ; : : : ; a(m)k ). These information bits are 
oded into mo output bits, through are
ursive en
oding rule. The Mo�ary output symbol (
(1)k ; : : : ; 
(mo)k ), where mo = logMo,is then mapped to a 
omplex symbol 
k belonging to the 
onsidered 
onstellation. Forsystemati
 binary Ungerboe
k 
odes of rate n=(n+1) [3℄, M = 2n andMo = 2n+1. However,
onsidering pun
turing of the systemati
 output bits [7℄, Mo may be less than 2n+1. Thesampled output fxkg of a �lter mat
hed to the transmitted pulse is a suÆ
ient statisti
 fornon
oherent de
oding [15℄. Ea
h sample may be expressed as xk = 
kej� + nk; where fnkgare samples of a zero mean 
omplex-valued white Gaussian noise pro
ess and � is a random
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oding of spe
trally eÆ
ient... 5variable uniformly distributed in (��; �℄. We denote by xK1 = fxkgKk=1 the entire sequen
e ofre
eived samples or observations, where K is the transmission length. Similarly, we denoteby aK1 = fakgKk=1 and 
K1 = f
kgKk=1 the entire sequen
e of information and 
ode symbols,respe
tively. We now extend the algorithm introdu
ed in [10℄, relative to the 
ase of are
ursive systemati
 
ode (RSC), to a TCM 
ode. Note that in this 
ase we must substitutea single information bit with an M -ary information symbol ak 
arrying log2M bits.Denoting by �k an en
oder state, the de
oder state, whi
h takes partially into a

ountthe 
hannel memory, may be expressed asSk = (ak�1; ak�2; : : : ; ak�N+1; �k�N+1) (1)where N is an integer. To a

ount for the possible presen
e of parallel transitions, it is
onvenient to identify a trellis bran
h ek by its beginning state Sk and driving informationsymbol ak. In fa
t, two states Sk and Sk+1 
ould be 
onne
ted by parallel transitions drivenby di�erent information symbols. We showed in [10℄ that a good approximation of the aposteriori probability (APP) of symbol ak 
an be determined on the basis of the 
onsideredobservations xK1 . Denoting this value by PfakjxK1 g, it may be written asPfakjxK1 g ' Pfakg Xek:a(ek)=ak 
k(ek)�k(ek)�k(ek)PfS�(ek)g (2)in whi
h a(ek) denotes the information symbol driving transition ek and
k(ek) 4= p �xkk�N+1 jek �/ exp(� 12�2 N�1Xi=0 hjxk�ij2 + j
k�ij2i) I0  1�2 �����N�1Xi=0 xk�i
�k�i�����! (3)�k(ek) 4= p �xk�N1 ���xkk�N+1; ek � (4)�k(ek) 4= p �xKk+1 ���xkk�N+1; ek � (5)where [�℄� is the 
onjugate operator and / denotes proportionality. The sum in (2) is ex-tended over all transitions of epo
h k driven by information symbol ak. The probabilitydensity fun
tion 
k(ek), relative to a parti
ular trellis transition, depends on the 
oding
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ture. Pfakg and PfS�(ek)g denote the a priori probabilities of information symbol akand state S�(ek), respe
tively, where S�(ek) denotes the beginning state of transition ek. Inthe following we will 
onsider the expression of probabilities and probability density fun
-tions in the natural or logarithmi
 domain depending on the spe
i�
 
ase, with the impli
itassumption that the two formulations are equivalent.The performan
e of iterative de
oding at low bit error rate (BER) 
an be improved 
on-sidering bit-interleaving [16℄. Hen
e, equation (2) has to be modi�ed in order to providethe a posteriori probabilities of single bits. Assuming that the information bits are inde-pendent within ea
h symbol1, we 
an 
onsider Pfakg = Pfa(1)k g � � �Pfa(m)k g =Ymi=1Pfa(i)k g.In the 
ase of an iterative de
oding pro
ess, where Pfa(i)k g are derived from input extrinsi
information, this assumption is just an approximation. Equation (2) may be extended asfollows Pfa(i)k jxK1 g ' Pfa(i)k g Xek:a(ek)(i)=a(i)k 
k(ek)�k(ek)�k(ek)PfS�(ek)gYl 6=iPfa(l)k g (6)where a(ek)(i) denotes the i-th bit of the information symbol driving transition ek.Similarly to the well-known algorithm by Bahl, Co
ke, Jelinek, and Raviv (BCJR), theprobability density fun
tions �k(ek) and �k(ek) 
an be approximately 
omputed by means offorward and ba
kward re
ursions [10℄. For this reason, we refer to the 
onsidered non
oherentsoft-output algorithm as non
oherent BCJR-type algorithm. Denoting by S+(ek) the �nalstate of transition ek we may write�k(ek) ' Xek�1:S+(ek�1)=S�(ek) k(ek�1; ek)�k�1(ek�1)PfÆa(ek�1)g (7)�k(ek) ' Xek+1:S+(ek)=S�(ek+1)�k+1(ek; ek+1)�k+1(ek+1)Pfa(ek+1)g (8)where  k(ek�1; ek) = p(xk�N ���xkk�N+1; ek�1; ek )1This assumption is motivated by the presen
e of bit interleaving.
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ient... 7/ exp(�jxk�N j2 + j
k�N j22�2 ) I0 � 1�2 ���PNi=0 xk�i
�k�i����I0 � 1�2 ���PN�1j=0 xk�j
�k�j���� (9)�k(ek�1; ek) = p(xk ���xk�1k�N ; ek�1; ek )/ exp(�jxkj2 + j
kj22�2 ) I0 � 1�2 ���PNi=0 xk�i
�k�i����I0 � 1�2 ���PNj=1 xk�j
�k�j���� (10)and Æa (ek�1) denotes the information symbol \lost" in the transition ek�1, i.e., the oldest infor-mation symbol in the initial state S�(ek�1). The 
ouple (S+(ek�1); Æa(ek�1)) uniquely identi-�es S�(ek�1). With the present de�nition of state Sk and for a re
ursive 
ode, Æa(ek�1) = ak�N .In (7), the sum is extended over all the transitions of epo
h k�1 that end in the initial stateof bran
h ek. The sum in (8), relative to the trellis se
tion at epo
h k+1, may be interpretedsimilarly. Proper boundary 
onditions have to be 
onsidered in order to 
orre
tly initializethe forward and ba
kward re
ursions.
3 Redu
ed-State AlgorithmAssuming that there are �e possible en
oder states, the de
oder states are �d = �eMN�1.For example, if �e = 16, M = 4 and N = 5, then �d = 4096. In order to make non-
oherent de
oding with spe
trally eÆ
ient modulations pra
ti
al, a 
omplexity redu
tionsuitable to the proposed soft-output de
oding algorithm is needed. We 
onsider a re
entlyproposed method whi
h is an extension of redu
ed-state sequen
e dete
tion (RSSD) [17℄-[19℄ to BCJR-type algorithms [13℄. The basi
 idea is redu
ing the number of states andbuilding a \survivor map" during the forward re
ursion (run �rst) to be used in the ba
k-ward re
ursion and in the 
al
ulation of a posteriori probabilities. By de�ning a redu
edstate as sk = (ak�1; : : : : : : ; ak�Q+1; �k�Q+1), with Q < N , a transition �k in the redu
ed-state trellis is asso
iated with the symbols (
k�Q+1; : : : ; 
k). We showed in [13℄ that a sur-vivor may be asso
iated with ea
h transition �k in the redu
ed-state trellis. We may de-�ne by E(l)k�m(�k) the sequen
e of l transitions rea
hing epo
h k � m along the survivor
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trally eÆ
ient... 8of transition �k, i.e., (�̂k�m�l+1; : : : ; �̂k�m) � (�̂k�m�l�Q+2; âk�m�l�Q+2; : : : ; âk�m�Q+1) �(
̂k�m�l�Q+2; : : : ; 
̂k�m�Q+1). The transitions �̂k�j, en
oder state �̂k�m�l�Q+2, informationsymbols âk�j and 
ode symbols 
̂k�j in E(l)k�m(�k) are those asso
iated with the path historyof transition �k. Hen
e, the probability density fun
tion 
k may be 
orre
tly 
omputed,making use of the built survivor map, as
k(E(N�Q)k�1 (�k); �k) = p �xkk�N+1 ���E(N�Q)k�1 (�k); �k � / exp8<:� 12�2 Q�1Xi=0 hjxk�ij2 + j
k�ij2i9=;� exp8<:� 12�2 N�1Xj=Q hjxk�jj2 + j
̂k�jj2i9=; I00� 1�2 ������Q�1Xi=0 xk�i
�k�i + N�1Xj=Q xk�j 
̂�k�j������1A : (11)In the redu
ed state trellis, in analogy with equation (2), we wish to approximate the aposteriori probability asPfakjxK1 g ' X�k:a(�k)=ak 
k((E(N�Q)k�1 (�k); �k))�k(�k)�k(�k)Pfs�(�k)g (12)where the two quantities �k and �k, in the redu
ed-state 
ase, are de�ned as follows�k(�k) 4= p �xk�N1 ���xkk�N+1; �k � (13)�k(�k) 4= p �xKk+1 ���xkk�N+1; �k � : (14)For a re
ursive 
ode we use the following approximation for the a priori probability of statesk [10℄: Pfskg ' QQ�1i=1 Pfak�ig.IfQ < N , then �k(�k), as de�ned in (13) for the redu
ed-state 
ase, is di�erent from �k(ek)as de�ned in (4) for the full-state 
ase. Similarly, �k(�k) 6= �k(ek). However, re
ursions forthe 
omputation of �k and �k may be found in the redu
ed-state 
ase as well. The survivormap is built during the forward re
ursion and employed in the ba
kward re
ursion and toevaluate 
k in (11). Referring to the original formulation proposed in [10℄, the extension of thepreviously introdu
ed general re
ursions (7) and (8) to (13) and (14) is not immediate. Wenow show the mathemati
al derivation whi
h leads to the forward re
ursion in the redu
ed-state trellis. More pre
isely, assuming the survivor map is known up to epo
h k�1, we showhow to extend it to epo
h k.
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trally eÆ
ient... 9The detailed mathemati
al derivation of the forward re
ursion in [10℄ for the full-state
ase 
annot be applied in this 
ase. In fa
t, 
onsidering in the redu
ed-state 
ase the sameapproa
h followed in [10℄, we should 
ompute �k as follows�k(�k) = p �xk�N1 ���xkk�N+1; �k�= Xak�Q p �xk�N�11 ���xkk�N ; ak�Q; �k � p �xk�N ���xkk�N+1; ak�Q; �k �� P nak�Q ����k;xkk�N+1o : (15)AssumingQ � N�1 (state redu
tion), ak�Q depends on xkk�N+1. Hen
e P nak�Q ����k;xkk�N+1o6= P fak�Qg, making it impossible to evaluate this probability. Another approa
h has to be
onsidered. More pre
isely, we may express �k as follows�k(�k) = p �xk�N1 ���xkk�N+1; �k � = p �xk1 j�k �p �xkk�N+1 j�k �= Pak�Q p �xk1 jak�Q; �k �Pfak�Qj�kgp �xkk�N+1 j�k �= Pak�Q p �xk�N�11 ���xk�1k�N ; xk; ak�Q; �k � p �xkk�N jak�Q; �k �Pfak�Qj�kgp �xkk�N+1 j�k � : (16)Sin
e Pfak�Qj�kg = Pfak�Qg, observing that �k�1 is uniquely determined by (ak�Q; �k) andusing as in [10℄ the approximationp �xk�N�11 ���xk�1k�N ; xk; ak�Q; �k � ' p �xk�N�11 ���xk�1k�N ; �k�1� (17)we obtain the following approximate forward re
ursion in the redu
ed-state trellis�k(�k) ' Pak�Q p �xk�N�11 ���xk�1k�N ; �k�1� p �xkk�N jak�Q; �k �Pfak�Qj�kgp �xkk�N+1 j�k �= Pak�Q �k�1(�k�1)p �xkk�N jak�Q; �k�Pfak�Qgp �xkk�N+1 j�k � (18)where �k�1(�k�1) = p �xk�N�11 ���xk�1k�N ; �k�1� in agreement with (13).The problem in the 
omputation of (18) is the evaluation of the two probability den-sity fun
tions p �xkk�N jak�Q; �k � and p �xkk�N+1 j�k �. In fa
t, sin
e Q < N , ea
h of the two
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trally eÆ
ient... 10probability density fun
tions should be 
orre
tly 
omputed by averaging over previous in-formation symbols. Sin
e at epo
h k the survivor of ea
h transition �k�1 is known and sin
e(ak�Q; �k) � (�k�1; �k), we repla
e p(xkk�N jak�Q; �k ) = p(xkk�N j�k�1; �k ) with the probabilitydensity fun
tion p(xkk�N ���E(N�Q)k�2 (�k�1); �k�1; �k ), obtaining the following modi�ed re
ursion�k(�k) = Pak�Q �k�1(�k�1)p(xkk�N ���E(N�Q)k�2 (�k�1); �k�1; �k )Pfak�Qgp �xkk�N+1 j�k � : (19)We now express the forward re
ursion (19) in the logarithmi
 domain as follows��k(�k) 4= ln�k(�k)= lnn Xak�Q exp h��k�1(�k�1) + ln p(xkk�N ���E(N�Q)k�2 (�k�1); �k�1; �k )+ lnPfak�Qgio� ln p(xkk�N+1 j�k ) (20)and using the \max-log" approximation [26℄ we obtain��k(�k) ' maxak�Q n��k�1(�k�1) + ln p(xkk�N ���E(N�Q)k�2 (�k�1); �k�1; �k ) + lnPfak�Qgo� ln p(xkk�N+1 j�k ): (21)The 
hoi
e of the survivor asso
iated with �k may be based on this max operation,whi
h 
an be 
orre
tly 
arried out sin
e the quantities ��k�1(�k�1) and lnPfak�Qg are knownand ln p(xkk�N ���E(N�Q)k�2 (�k�1); �k�1; �k ) 
an be 
omputed. The term ln p(xkk�N+1 j�k ) does nota�e
t the max operation and, as a 
onsequen
e, the survivor sele
tion, but it a�e
ts theexa
t value of ��k(�k). We denote by �maxk�1 the previous transition of the survivor of transition�k. Equivalently, the symbol amaxk�Q may be 
onsidered. On
e the transition �maxk�1 has beenasso
iated with �k, we repla
e ln p(xkk�N+1 j�k ) with the following probability density fun
tionin the logarithmi
 domainln p(xkk�N+1 ���E(N�Q�1)k�2 (�maxk�1 ); �maxk�1 ; �k ) � � 12�2 Q�2Xi=0 hjxk�ij2 + j
k�ij2i+ 12�2 N�1Xj=Q�1 hjxk�jj2 + j
̂k�jj2i + ln I00� 1�2 ������Q�2Xi=0 xk�i
�k�i + N�1Xj=Q�1xk�j 
̂�k�j������1A (22)
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oding of spe
trally eÆ
ient... 11where the expression x � y denotes that x and y are monotoni
ally related quantities. Theresulting forward re
ursion �nally assumes the following form��k(�k) = ��k�1(�maxk�1 ) + ln p(xkk�N ���E(N�Q)k�2 (�maxk�1 ); �maxk�1 ; �k )� ln p(xkk�N+1 ���E(N�Q�1)k�2 (�maxk�1 ); �maxk�1 ; �k ) + lnPfamaxk�Qg� ��k�1(�maxk�1 ) + jxk�N j2 + j
̂k�N j22�2 + ln I00� 1�2 ������Q�2Xi=0 xk�i
�k�i + NXj=Q�1xk�j 
̂�k�j������1A� ln I00� 1�2 ������Q�2Xi=0 xk�i
�k�i + N�1Xj=Q�1xk�j 
̂�k�j������1A+ lnPfamaxk�Qg: (23)The obtained forward re
ursion in the redu
ed-state trellis exhibits some analogy with the
orresponding forward re
ursion in the full-state trellis [10℄. This indire
tly 
on�rms thevalidity of the proposed intuitive approximations. The ba
kward re
ursion 
an be similarlyobtained with the further simpli�
ation that the survivor map is now already availablebe
ause previously determined during the forward re
ursion. More pre
isely, remarking that(�k; ak) uniquely identi�es �k+1, the ba
kward re
ursion may be written as follows��k(�k) = maxak+1 n��k+1(�k+1) + ln p(xk+1k�N+1 ���E(N�Q)k�1 (�k); �k; �k+1 ) + lnPfak+1go� ln p(xkk�N+1 ���E(N�Q)k�1 (�k); �k )= ��k+1(�maxk+1 ) + ln p(xk+1k�N+1 ���E(N�Q)k�1 (�k); �k; �maxk+1 ) + lnPfamaxk+1g� ln p(xkk�N+1 ���E(N�Q)k�1 (�k); �k )� ��k+1(�maxk+1 ) + jxk+1j2 + j
k+1j22�2 + ln I00� 1�2 ������Q�2Xi=0 xk+1�i
�k+1�i + NXj=Q�1xk+1�j 
̂�k+1�j������1A� ln I0 0� 1�2 ������Q�2Xi=1 xk+1�i
�k+1�i + N�1Xj=Q�1xk+1�j 
̂�k+1�j������1A+ lnPfamaxk+1g: (24)A problem 
onne
ted with trellis 
oded modulations (espe
ially when the 
ode is re
ursiveand M > 2) is the initialization of the re
ursion in the redu
ed-state trellis. Even if thisaspe
t may be negle
ted when 
onsidering 
ontinuous transmissions, it is very importantin pa
ket transmissions, sin
e interleaving operates on the entire pa
ket, and hen
e it isnot allowed to dis
ard the �rst de
oded symbols. The survivor map is built during the
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trally eÆ
ient... 12forward re
ursion, but the survivors should be already available at the very �rst steps of thisre
ursion. Hen
e, an initial transient period for the forward re
ursion may be 
onsidered,where a �
titious phase memory parameter is in
reased by 1 at ea
h step to rea
h the �nalvalue N as detailed in Appendix A. A valid alternative is 
onsidering a sequen
e of N pilotsymbols at the beginning of the transmission, in order to 
orre
tly initialize the forwardre
ursion. The transmission eÆ
ien
y is not appre
iably redu
ed as the overhead is lessthan 1% with the pa
ket lengths 
onsidered in the numeri
al results.
4 Separate Dete
tion and De
odingThe �rst 
onsidered 
lass of spe
trally eÆ
ient s
hemes uses 
oding stru
tures based on the
on
atenation of a T-TCM blo
k followed by an inner di�erential en
oder. At the re
eiverside, a non
oherent di�erential dete
tor 
omputes a posteriori bit probabilities whi
h arepassed to the following 
oherent turbo de
oder as logarithmi
 likelihood ratios. The intro-du
tion of the inner di�erential en
oding allows to obtain non
oherently non-
atastrophi

oding s
hemes [15, 20℄.The s
heme proposed in [4℄ is basi
ally a systemati
 turbo 
ode of rate 1/3 followed by apun
turer and a mapper. An immediate extension of this s
heme to non
oherent de
odingis shown in Fig. 1, where a sequen
e of independent bits fukg undergoes systemati
 turboen
oding. The 
ode bits fbkg at the output of the turbo en
oder are pun
tured a

ording tosome pun
turing pattern [7℄. The systemati
 and 
ode bits, after being serialized, are inter-leaved. After interleaving they are grouped into m = log2M bits and mapped into M�ary
omplex symbols, undergoing di�erential en
oding. In all blo
k diagrams des
ribing the pro-posed s
hemes, we asso
iate solid lines with binary symbols and dashed lines with 
omplexsymbols. Furthermore, for notational 
onsisten
y with Se
tion 2, we use the symbols ak and
k to denote the input and output symbols, respe
tively, of the 
omponent en
oders whi
hare non
oherently de
oded a

ording to the des
ribed algorithm. Note that the symbols ak
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oding of spe
trally eÆ
ient... 13are rendered independent by the interleaver, as required by the algorithm in Se
tion 2.A similar s
heme derived from one of the stru
tures proposed in [7℄ is shown in Fig. 2.This s
heme is basi
ally 
omposed of two parallelly 
on
atenated Ungerboe
k 
odes, andpun
turing on information bits is 
onsidered before mapping. In this �gure, we 
onsider asequen
e of 
ouples of information bits (u(1)k ; u(2)k ). Both en
oders re
eive this sequen
e andgenerate two sequen
es of 
oded bits (b(1)k ; b(2)k ), but the systemati
 bits are pun
tured sym-metri
ally in the two 
odes, as shown in Fig. 2. We simply 
onsider di�erential en
oding aftermapping. Stri
tly speaking, symbols ak are not independent as assumed in the derivationof the non
oherent de
oding algorithm. However, we observed by simulation that breakingthis dependen
e by means of an interleaver (both bit-wise before mapping or symbol-wiseafter mapping) does not yield substantial performan
e improvement. This behavior may berelated to the impli
it pun
turing 
onsidered in the outer turbo 
ode, whi
h, in a 
ertainsense, de
orrelates the bits 
arried by a modulated symbol.
5 Joint Dete
tion and De
odingIn this 
ase, we 
onsider 
oding stru
tures whi
h do not employ di�erential en
oding. Theproposed s
hemes perform noti
eably well in the 
ase of ideal 
oherent de
oding, i.e., assum-ing perfe
tly known phase at the re
eiver side.Serially 
on
atenated 
odes [2℄ have been proven to have remarkable performan
e (evenbetter than that of turbo 
odes) with very simple 
omponent 
odes. However, this perfor-man
e is obtained at the expense of the spe
tral eÆ
ien
y of the 
ode. For example, withrate 1/2 inner and outer 
onvolutional 
odes, the overall rate is 1/4. In order to in
rease theeÆ
ien
y of the serial 
ode, we 
onsider an inner Ungerboe
k 
ode, as shown in Fig. 3. Asimilar stru
ture was also 
onsidered in [12℄, where an outer Reed-Solomon 
ode and an innerUngerboe
k 
ode were used. Various 
ombinations of serial 
odes are 
onsidered, where the
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oding of spe
trally eÆ
ient... 14outer 
onvolutional 
ode is a simple non-re
ursive 
ode [2, 28℄, whereas the inner Ungerboe
k
ode may be a re
ursive systemati
 
ode [14℄ or a non-re
ursive one [15℄. It is worth notingthat interleaving is bit-wise. In fa
t, the 
oded bits generated by the outer en
oder are seri-alized and then interleaved. Fig. 3 refers to the 
ase of an outer rate 1/2 
ode and inner rate2/3 
ode. After interleaving, the bits feed the inner en
oder in groups of two. The re
eiver isbased on an inner non
oherent de
oder of the inner Ungerboe
k 
ode, whi
h gives a posteri-ori probabilities of the systemati
 bits of ea
h modulated symbol (bits a(1)k and a(2)k in Fig. 3)by using the proposed redu
ed-state non
oherent algorithm. These soft-outputs are passed,as logarithmi
 likelihood ratios, to the outer 
oherent de
oder, whi
h a
ts as a soft-inputsoft-output module [21℄. Obviously, the overall serial 
ode is non
oherently non-
atastrophi
depending on the 
hara
teristi
s of the inner Ungerboe
k 
ode. Hen
e, parti
ular 
are hasto be taken in 
hoosing this 
ode as a non
oherently non-
atastrophi
 
ode [15, 20℄.Besides serially 
on
atenated 
oding stru
tures, it is interesting to explore the possibil-ity of deriving parallelly 
on
atenated 
oding stru
tures suitable to 
ombined non
oherentdete
tion and de
oding. The s
heme proposed in [6℄, employing PSK as modulation formatat the output of ea
h en
oder, 
annot be used when 
onsidering a non
oherent de
odingstrategy. In fa
t, be
ause of pun
turing, the proposed BCJR-type non
oherent de
odingalgorithm fails, sin
e the metri
s (9) and (10) redu
e to 1 every other time epo
h. Hen
e,every other transition in the de
oder trellis the forward and ba
kward re
ursions 
annot be
orre
tly extended. This problem obviously a�e
ts the redu
ed-state version of the algorithmdes
ribed in Se
tion 3 as well. On the 
ontrary, the s
heme proposed in [7℄ may be dire
tlyemployed for transmissions over non
oherent 
hannels, provided that the pun
tured 
om-ponent Ungerboe
k 
odes are non
oherently non-
atastrophi
. With respe
t to the s
hemeproposed in [7℄, the only proposed modi�
ation 
onsists of 
onsidering a single bit interleaverbetween the two Ungerboe
k 
odes, instead of 
onsidering a di�erent bit interleaver for ea
hbit stream, as shown in Fig. 2. The input bit streams are serialized in a single bit streambefore being interleaved. The interleaved bit stream is then parallelized and undergoes trellis
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ient... 15en
oding. We noti
ed that using a single interleaver instead of separate interleavers for ea
hbit stream improves the performan
e, at least at high signal-to-noise ratios [16℄. This isintuitively related to the fa
t that low reliability values asso
iated with the 
ouple of bitsembedded in the same symbol may be better spread over the whole bit sequen
e. Hen
e, there
eiver has a stru
ture similar to that of a turbo de
oder, where ea
h 
omponent de
oderuses the redu
ed-state non
oherent soft-output de
oding algorithm previously introdu
ed.This s
heme may be 
onsidered as a dire
t extension to spe
trally eÆ
ient modulations ofthe non
oherent s
hemes proposed in [10℄ for binary modulations.In Fig. 4, we 
onsider, for simpli
ity, the 
ase of a turbo trellis en
oder where ea
hof the 
omponent Ungerboe
k en
oders re
eives a sequen
e of 
ouples of information bits(a(1)k ; a(2)k ) and generates a parity bit (
(0)k in the upper en
oder and d(0)k in the lower en
oder).Pun
turing may be 
onsidered on one of the two information bits (symmetri
ally in the twoen
oders): in the upper en
oder the systemati
 bit 
(1)k = a(1)k is transmitted, whereas in thelower en
oder the bit d(1)k = a(2)ik is transmitted.2 As shown in Fig. 4, after interleaving thetwo original bit streams have to be separated in order to 
onsider proper pun
turing on a(2)ik .This is possible if the single interleaver is odd-odd, i.e., if it maps the bits stored in oddpositions (bits fa(1)k g) in odd positions, so that they 
an be re
overed after interleaving. Inthis 
ase, the single odd-odd interleaver is equivalent to two separate interleavers. A QPSKsymbol is generated at the output of ea
h 
omponent en
oder. The spe
tral eÆ
ien
y in this
ase is 1 bit per 
hannel use.Although the above s
heme with QPSK has remarkable performan
e with 
oherent de-
oding, i.e., with an AWGN 
hannel, we observed that the performan
e noti
eably degradeswhen 
onsidering non
oherent de
oding, be
ause of the 
atastrophi
ity of the 
ode. Thismotivates the following modi�
ation. The spe
tral eÆ
ien
y remains the same by elimi-nating pun
turing, hen
e transmitting an 8-PSK symbol at the output of ea
h 
omponent2The time instant of the se
ond en
oded bit is denoted by ik be
ause of the presen
e of interleaving.



Ferrari, Colavolpe, Raheli Non
oherent iterative de
oding of spe
trally eÆ
ient... 16en
oder. In this 
ase, both systemati
 bits at the input of ea
h en
oder are mapped to the
orresponding generated 
omplex symbol (in Fig. 4 we indi
ate by dotted lines the supple-mentary 
onne
tions whi
h must be 
onsidered). This means adding redundan
y, at the 
ostof de
reasing the robustness of the modulation 
onstellation. In the 
oherent 
ase, the per-forman
e worsens, whereas in the non
oherent 
ase it improves. Combining modulation and
oding when dealing with a non
oherent 
hannel 
annot be 
arried out as in the 
ase of anAWGN 
hannel, be
ause the non
oherent 
atastrophi
ity must be taken into a

ount. More-over, based on an exhaustive sear
h using di�erent 
onstellation mappings, we noti
ed thatthe re
eiver performan
e in the non
oherent 
ase does not seem to be appre
iably in
uen
edby the parti
ular mapping rule (Gray, reordered, et
. [7℄).The last 
onsidered parallel s
heme deserves some remarks about its non
oherent 
atas-trophi
ity. By redu
ing the modulation 
onstellation from 8-PSK to QPSK, the 
ode prop-erties, in terms of modulated output symbols, may 
hange. Hen
e, a 
ode may not be simul-taneously non
oherently non-
atastrophi
 with and without pun
turing. An open problem,
urrently under study, is the design of a good 
ode for su
h a trasmitter stru
ture when
onsidering pun
turing and QPSK. An important aspe
t to be 
onsidered is the rotationalinvarian
e of the 
omponent 
odes, taking into a

ount pun
turing and mapping. The meth-ods proposed in [22℄-[24℄ may be 
onsidered. A relevant analysis 
on
erning the rotationalinvarian
e of T-TCM s
hemes is addressed in [25℄.
6 Numeri
al ResultsThe performan
e of the re
eivers 
onsidered in Se
tion 4 and Se
tion 5 is assessed by meansof 
omputer simulations in terms of BER versus Eb=N0, Eb being the re
eived signal energyper information bit and N0 the monolateral noise power spe
tral density. All the BCJR-typealgorithms (non
oherent and 
oherent) 
onsidered in the proposed s
hemes apply the max-log approximation [26℄. The generated extrinsi
 information is weighted by a 
oeÆ
ient as
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ient... 17des
ribed in [27℄. The value of this 
oeÆ
ient, obtained by trial and error, is about 0.3 inall s
hemes.In Fig. 5 the performan
e in the 
ase of the 
ode shown in Fig. 1 is presented. The 
odeis that proposed in [4℄, with internal random 32�32 interleaver. The 
omponent RSC 
odeshave generatorsG1 = 37 andG2 = 21.3 The turbo 
ode has rate 1/2: every 2 information bits( ~m = 2) two 
ode bits (m� ~m = 2) are retained, with the pun
turing pattern 
onsidered in [4℄.After random bit interleaving, groups of m = 4 bits are mapped into a 16-QAM symbol. Itis important to observe that the parti
ular 
hosen mapping (Gray, reordered, natural, et
.)does not seem to noti
eably in
uen
e the performan
e of the non
oherent system. This maybe due to the presen
e of bit interleaving followed by di�erential en
oding. The spe
traleÆ
ien
y of this system is 2 bits per 
hannel use. The inner non
oherent di�erential dete
torat the re
eiver side applies the redu
ed-state non
oherent de
oding algorithm proposed inSe
tion 2 by redu
ing the number of states to 16. The phase parameter N is set equal to 4or 6. For 
omparison, we also show the performan
e of the equivalent 
oherent system (i.e.,
onsidering di�erential en
oding after the turbo 
ode). In all 
ases the iterations are 
arriedout in the outer 
oherent turbo de
oder, and the numbers of 
onsidered iterations are 1, 3and 5. It is evident that there is a slight improvement in the performan
e of the non
oherentsystem by in
reasing N from 4 to 6, and the loss, with respe
t to the non
oherent de
oding,is about 1 dB at BER below 10�4.In Fig. 6 we show the performan
e in the 
ase of non
oherent de
oding of the 
odeproposed in Fig. 2. The 
omponent 16-state re
ursive Ungerboe
k 
odes of the turbo 
odehave generators h0 = 23, h1 = 16 and h2 = 27 [7℄, and there are two di�erent 32�32 randombit-interleavers. We 
onsider a 16-QAM modulation format. The system has an eÆ
ien
yof 2 bits per 
hannel use. As for the previous s
heme, in this 
ase also we 
onsider the inner3In the 
ase of binary 
odes, for example RSC 
odes, we refer to the generators of the 
ode as fGig,following the o
tal notation in [1, 28℄. When referring to Ungerboe
k 
odes, we indi
ate the generators ofthe 
ode as fhig, following the o
tal notation in [7℄.
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ient... 18non
oherent dete
tor with the number of states redu
ed to 16 and phase parameter N equalto 4 or 6, respe
tively. For 
omparison, we also show the performan
e of the equivalent
oherent system. The numbers of iterations are 1, 3 and 6 in all 
ases. The performan
e lossof the non
oherent system with N = 6 with respe
t to the 
oherent system is about 1 dB.In Fig. 7, the performan
e in the 
ase of the serial s
heme shown in Fig. 3 is presented.The outer 
ode is a non-re
ursive non-systemati
 
onvolutional 
ode, with generators G1 = 7and G2 = 5 and rate 1/2. The inner Ungerboe
k 
ode is re
ursive and systemati
, withgenerators h0 = 23, h1 = 16 and h2 = 27 [7℄. The inner interleaver is a 32�32 pseudorandombit-interleaver. The bits at the output of the inner 
ode are mapped to an 8-PSK symbol,
onsidering reordered mapping [7℄. The spe
tral eÆ
ien
y of this system is 1 bit per 
hanneluse. The inner non
oherent de
oder at the re
eiver side applies the redu
ed-state non
oherentde
oding algorithm proposed in Se
tion 2. Various 
omplexity redu
tion levels, denoted bythe 
ouple (N;Q), are 
onsidered. The phase parameter N ranges from 4 to 16, while Q iskept �xed to 2 (64 states). For 
omparison, we also show the performan
e of the equivalent
oherent system, i.e., assuming perfe
t knowledge of the 
hannel phase at the re
eiver side.In all 
ases, the number of 
onsidered iterations is 10. As one 
an see, for in
reasing valuesof the phase parameter N the performan
e of the non
oherent s
heme approa
hes that ofthe 
oherent s
heme. For N = 16 the performan
e loss at a BER of 10�5 is around 1 dB.In Fig. 8, we 
onsider again a 
oding stru
ture as given in Fig. 3, with the same innerUngerboe
k 
ode of Fig. 7 but 
onsidering an outer non-re
ursive non-systemati
 
onvolu-tional 
ode, with generators G1 = 15 and G2 = 13 and rate 1/2. Hen
e, we repla
ed an outer8-state 
ode with a 16-state 
ode. As in the previous 
ase, the non
oherent inner de
oder isidenti�ed by the 
ouple (N;Q). The phase parameter N ranges from 4 to 16, and Q = 2.The numbers of 
onsidered iterations for both the 
oherent and non
oherent systems are10. For N = 16 the performan
e loss of the non
oherent s
heme with respe
t to that of the
oherent s
heme is only 0.5 dB at a BER of 10�4.
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ient... 19In Fig. 9, we 
onsider a serial stru
ture as in Fig. 3 given by an outer rate 1/3 non-re
ursive 
ode with 16 states and generators G1 = 17, G2 = 06 and G3 = 15 [28℄ and aninner rate 3/4 non-re
ursive 
ode with 8 states and generators G1 = 040, G2 = 402, G3 = 240and G4 = 100 [15℄. The inner random interleaver is bit-wise, with length 1536. The spe
traleÆ
ien
y is 2 bits per 
hannel and we 
onsider a 16-QAM modulation format at the outputof the inner 
ode. The inner non
oherent de
oder at the re
eiver side applies the redu
ed-state non
oherent de
oding algorithm proposed in Se
tion 2.4 Various 
omplexity redu
tionlevels, denoted by the 
ouple (N;Q), are 
onsidered. The numbers of iterations are 1, 5 and10 in all 
ases, and a 
omparison with the equivalent 
oherent system is made.In Fig. 10, we show the performan
e in the 
ase of non
oherent de
oding of the 
odeproposed in Fig. 4. The 
omponent 16-state re
ursive Ungerboe
k 
odes of the proposeds
heme have generators h0 = 23, h1 = 16 and h2 = 27 [7℄ and there is a single 64 �64 pseudorandom bit-interleaver [1℄. At the output of ea
h 
omponent en
oder both thesystemati
 bits are retained and mapped, together with the parity bit, to an 8-PSK symbol.Reordered mapping is 
onsidered in this 
ase as well. The system eÆ
ien
y is 1 bit per
hannel use. The two 
omponent non
oherent de
oders have a number of states redu
ed to64 and phase parameter N equal to 4 and 6, respe
tively. For 
omparison, we also showthe performan
e of the equivalent 
oherent system. The numbers of iterations are 1, 3 and6 in all 
ases. Considering N = 6 and 6 de
oding iterations, the performan
e loss of thenon
oherent s
heme with respe
t to the 
oherent s
heme is about 1.5 dB.We now 
ompare the performan
e of the 
onsidered s
hemes under the same spe
traleÆ
ien
y. In fa
t, s
hemes with spe
tral eÆ
ien
y of both 1 and 2 bits per 
hannel use havebeen analyzed. As it appears from Figures 5, 6, and 9, for s
hemes with spe
tral eÆ
ien
yof 2 bits per 
hannel use, the 
oherent re
eivers show a BER of 10�4 at a signal to noise4The derivation 
arried out in Se
tion 2 in the 
ase of a re
ursive 
ode may be easily extended observingthat in this 
ase Æa(ek�1) = (a(1)k�2; a(2)k�3; a(3)k�1). Hen
e, in this 
ase the symbol Æa(ek�1) is not an informationsymbol, but it is 
omposed by bits 
oming from information symbols relative to di�erent time instants.



Ferrari, Colavolpe, Raheli Non
oherent iterative de
oding of spe
trally eÆ
ient... 20ratio between 5 and 6 dB. The 
orrespoding non
oherent s
hemes exhibit a performan
edegradation of about 1 dB. As shown in Figures 7, 8, and 10, for s
hemes with spe
traleÆ
ien
y of 1 bit per 
hannel use, the performan
e of 
oherent re
eivers is between 3 and4 dB, whereas the non
oherent s
hemes exhibit a performan
e loss of less than 1 dB. Asone 
an see, the performan
e of ea
h s
heme is stri
tly related to its spe
tral eÆ
ien
y andis roughly independent of the spe
i�
 dete
tion strategy (separate or joint). Taking into
onsideration the performan
e/
omplexity trade-o�, it turns out that the simple s
hemeswith separate dete
tion and de
oding may o�er a good solution.
7 Con
lusionsIn this paper, we presented possible solutions for non
oherent de
oding of 
on
atenated
odes with spe
trally eÆ
ient modulations. We proposed a soft-output non
oherent de
odingalgorithm and showed that in the 
ase of high order 
onstellations it is essential to apply
omplexity redu
tion te
hniques in order to obtain implementable systems. A state-redu
tionte
hnique suited to BCJR-type algorithms was su

essfully applied.We 
onsidered a �rst 
lass of s
hemes given by the 
on
atenation of a parallel 
on
ate-nated s
heme with a di�erential en
oder, and a se
ond 
lass 
onstituted by serially 
on
ate-nated s
hemes and a parallelly 
on
atenated 
oding stru
ture without di�erential en
oding.In the �rst 
ase we 
onsidered separate dete
tion and de
oding, and in the se
ond 
ase we
onsidered joint dete
tion and de
oding. We demonstrated the performan
e for various val-ues of phase memory parameter N , number of trellis states and length of transmitted bitpa
kets. In all 
ases, the performan
e of the non
oherent s
heme approa
hes that of theequivalent 
oherent s
heme for in
reasing value of the parameter N .The des
ribed separate and joint de
oding s
hemes o�er di�erent levels of performan
eand 
omplexity. The s
hemes based on separate dete
tion and de
oding have a low 
omplex-
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e the inner non
oherent dete
tor a

ounts for di�erential en
oding only. In parti
ular,these s
hemes show a lower 
omplexity with respe
t to the s
hemes where joint dete
tion andde
oding of trellis 
odes is 
onsidered. In terms of the performan
e/
omplexity trade-o�, itturns out that the simple s
hemes with separate dete
tion and de
oding may o�er a goodsolution in many situations. Appendix AIn this appendix we show how the 
onsidered soft-output non
oherent algorithm presented inSe
tion 3 has to be modi�ed in the initial transient period, i.e., for k � N . The supers
ript(�)t is used in the following to denote the value of previously introdu
ed quantities duringthis initial transient period.For k < Q, we may write5PfakjxK1 g = Pfakg X�tk:a(�tk)=ak 
tk(�tk)�tk(�tk)Pfst�(�tk)g (25)where �tk = stk+1 = (a1; : : : ; ak), st�(�tk) = (a1; : : : ; ak�1) and
tk(�tk) 4= p �xk1 ����tk �= exp(� 12�2 k�1Xi=0 hjxk�ij2 + j
k�ij2i) I0  1�2 �����k�1Xi=0 xk�i
�k�i�����! : (26)The probability density fun
tion �tk may be 
omputed by means of a simpli�ed ba
kwardre
ursion: �tk(�tk) 4= p �xKk+1 ���xk1; �tk �= Xak+1 �t+k+1(�tk+1)
tk+1(�t+k+1)
tk(�tk) Pfak+1g: (27)As it 
an be noti
ed from the derivation above, for k 2 f1; Q�1g the probability densityfun
tion �k does not appear in the a posteriori probability (25) (exa
tly 
omputed without5For simpli
ity ,we 
onsider the formulation relative to the a posteriori symbol probability. The extensionfor a posteriori bit probability is straightforward.
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t, a

ording to the de�nition of �k, a
orre
t initialization at epo
h Q (in the logarithmi
 domain) for the forward re
ursion is��Q = 8>><>>: 0 if sQ su
h that �1 = 0�1 if sQ su
h that �1 6= 0: (28)Hen
e, for k 2 fQ + 1; : : : ; Ng, the forward re
ursion may be written as��k(�k) = ��k�1(�maxk�1 ) + ln p(xk1 ���E(k�Q)k�2 (�maxk�1 ); �maxk�1 ; �k )� ln p(xk2 ���E(k�Q�1)k�2 (�maxk�1 ); �maxk�1 ; �k ) + lnPfamaxk�Qg; (29)and the a posteriori symbol probability is obtained as follows:PfakjxK1 g = X�k:a(�k)=ak 
k((E(k�Q)k�1 (�k); �k))�k(�k)�k(�k) QYi=1Pfak�ig : (30)The ba
kward re
ursion is easily extended in a similar fashion, based on the survivor mapbuilt during the forward re
ursion. More pre
isely, the ba
kward re
ursion may be approxi-mated as follows:��k(�k) ' maxak+1 n��k+1(�k+1) + ln p(xk+11 ���E(k+1�Q)k�1 (�k); �k; �k+1 ) + lnPfak+1go� ln p(xk1 ���E(k+1�Q)k�1 (�k); �k ); (31)where (ak; �k) uniquely identi�es �k+1.For k > N the general formulation previously introdu
ed holds.
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TurboCode Punct. m� ~m bitsP/S �bit S/P Di�.Mapp. Encod..... .. ..fbkgfukg ~m bits
fa(1)k ; : : : ; a(m)k g bits ckakfukg

Figure 1: Berrou-type turbo 
ode followed by di�erential en
oding on the modulated sym-bols.
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b(1)kb(2)k ak ck�(2)bit �(1)bit (16-QAM)MapperRec. CodeRec. Code
u(1)ku(2)k

Encod.Di�.
Figure 2: Benedetto-type turbo 
ode followed by di�erential en
oding on the modulatedsymbols.
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TrellisCodedModul.CodeConv. �bituk a(1)kb(1)kb(2)k P/S P/S a(2)k ck
Figure 3: Serial 
on
atenated 
ode 
onstituted by an outer 
onvolutional 
ode and an innerUngerboe
k 
ode.
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a(2)ka(1)k Recursive Code
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c(0)k ck
dkd(0)k

(c(2)k )
(d(2)k )
c(1)k
d(1)k

P/SS/P�bit
Figure 4: Benedetto et al. turbo trellis 
oded s
heme with 8-PSK modulation. Pun
turingmay be embedded in the 
omponent Ungerboe
k 
odes to 
onsider QPSK modulation.
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Figure 5: Performan
e of the system proposed in Fig. 1. The 
onsidered numbers of iterationsare 1, 3 and 5 in all 
ases.
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Figure 6: Performan
e of the system proposed in Fig. 2. The 
onsidered numbers of iterationsare 1, 3 and 6 in all 
ases.
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Figure 7: Performan
e of the system proposed in Fig. 3. The outer 
ode has 8 states andthe number of iterations is 10 in all 
ases.



Ferrari, Colavolpe, Raheli Non
oherent iterative de
oding of spe
trally eÆ
ient... 34

0 1 2 3 4 5 6
Eb/N0 [dB]

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

BE
R

Coherent
N=4,Q=2
N=6,Q=2
N=8,Q=2
N=10,Q=2
N=12,Q=2
N=14,Q=2
N=16,Q=2

Figure 8: Performan
e of the system proposed in Fig. 3. The outer 
ode has 16 states andthe number of iterations is 10 in all 
ases.
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Figure 9: Performan
e of the system proposed in Fig. 3. The modulation format is 16-QAMand the number of iterations is 1, 5 and 10 in all 
ases.
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Figure 10: Performan
e of the system proposed in Fig. 4. The modulation format is 8-PSKand the number of iterations is 1, 3 and 6 in all 
ases.


