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the DGD and the theoretical PDF of T,, given in®
are plotted as solid lines. A good maich of exper-
imental and theoretical data can be stated proof-
ing the accuracy of the PMD emulation. Note,
that the PMD emulator exhibits a PMD value of
=80 ps since it is intended to be used for PMD
compensator performance testing where high
values are required.

The experimental setup is displayed in Fig. 2.
Using an optical switch the output of the tunable
laser source can be directed to the transmitters
(Tx) for both transmission formats and the PMD
measurement equipment. This allows precise
measurements at exactly the same wavetength in
a short time. In order to show signal distortions
caused by higher order PMD) only, we eliminate
1 order PMD by aligning the input state of po-
larization to the PSP. This is done by manually
changing the input polarization with a polariza-
tion controller while monitoring the received eye
diagram. This adjustment to receive the “best
possible eye opening” can be regarded as a first
order PMD compensator. A standard preampli-
fied direct detecting receiver (Rx) is used in both
cases and sensitivity penalties (BER of 107 with
PRBS of 2" — 1} are measured.

For both modulation formats the penalties
(compared to each back-to-back case) versus gnd
order PMD parameter 7, are shown in Fig. 3. The
penalties correspond to the same PMD situation;
in same cases for the same 2™ order parameter
value multiple measurements are performed at
different wavelengths.

It can be observed in Fig. 3 (left) that the
penalties for duobinary transmission are always
lower than for binary. Even for very high 2™
order PMD values, e.g. 3500 ps” the penalty in the
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duobinary case does not exceed 3 dB whereas for
binary a penalty of =12dB is measured. 2™ order
PMD adds to or subtracts to residual chromatic
dispersion.” Since no fiber based dispersion is
considered in this experiment PMD induced
chromatic dispersion can create negative penalty
values (see Fig 3 (left)) for duobinary modulation
{which is due to the typical duobinary property
that the eye is widened for some increasing dis-
persion values!). In addition, the spectral energy
of the duobinary signal is more concentrated at
the center frequency (carrier frequency) or at the
center PSP to which the signal is aligned to. Thus
the depolarization effect caused by the frequency
dependent rotation of the PSP is less affective
than for standard on-off keying. In order to illus-
trate signal distortion caused by higher order
PMD only, The eye diagrams depicted in Fig. 3
(right) were measured for a high PMD value of
3200 ps”. Besides, the back-to-back eye diagrams
of both modulation formats are also shown.

4. Conclusion

We study the effect of higher order PMD and
show that using a bandwidth reduced modula-
tion format—such as ducbinary coding—is an
effective way to decrease signal distortions caused
by (residual} higher order PMD. Qur experimen-
tal results link the actual higher order PMD 1o the
observed system penalty and therefore a quanti-
tative evatuation is possible.
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Determining the Qutage Probability (OP) of fiber
communication systems in the presence of Polar-
ization Mode Dispersion (PMD) requires long
simulation times. For a given average Differential
Group Delay (DGD) (A1), sufficiently many fiber
samples must be synthesized for propagation, so
as to have fibers with first- and higher-order
PMD effects large enough to degrade perfor-
mance significantly. We choose here Sensitivity
Penalty (SP), evaluated @BER = 107", as the per-
formance indicator. Since such strong PMD fibers
are rarely synthesized, propagation on most fibers
vields SP values falling close to the modal SP
value. Hence, one gets a poor definition in the tail
of the SP distribution. Recently, importance sam-
pling techniques have been proposed to increase
the definition in the tail.' Here, we take a different
approach.



Givent a method to classify synthesized fibers
with respect to their all-order PMD effects by a fi-
nite set of parameters, one can perform propaga-
tion on only one sample among a subset of fibers
with similar behaviour, i.e. with similar parame-
ters values. This way, a uniform sampling of possi-
ble realizations in the fiber parameters space is ac-
complished. The joint distribution of the
parameters employed for the classification is then
used to give a weight to the evaluated SP data, ac-
cording to the law of total probability. A good def-
inition of the SP distribusion in the tail is achiev-
able, with significant savings in simulation time.

The rotational model

A fundamental issue in this work is the classifica-
tion of simulated fibers based on a rorational
meodel of the eigenmodes:™ the Miiller matrix of
a fiber without polarization dependent loss can
always be expressed in the form AM{w} =
M(O)emtm)lb(m)x], by factoring out its value at the
reference frequency o = 0. The rotational model
assumes AQ{®) = Ad,, i.e. that the retardation
angle is linear in frequency, and that the eigen-
mode b(@) rotates in frequency at a constant an-
gular speed ¥ around a fixed vector E,ie. it fol-
lows the equation of motion Em((.o) =k x b(w),
describing a cone with an aperture angle ¢ be-
tween k and b, Such model, which implies
nonzero all-order derivatives of the PMD vector
G} = At(@)d{w), reliably represents the fiber
Miiller matrix over transmission bandwidths of
the order of the inverse average DGD, as dis-
cussed in derail in. Note that a simple relation
links the depolarization rate of the PSPs |7, f
which is a second-order effect in PMD, and the
rotational parameters:® 17| = 2k sin @,

Estimation of parameters distribution

We synthesized 500,000 fibers with the standard
Discrete Random Waveplate (DRW) model,
using 100 plates, at an average DGD {A1) = 18.4
ps, and then fitted a rotational model o the
Miiller matrix of each fiber so as to determine the
value of the parameters (Ad,,, k,@). The value of
M(0), as well as the orientation of k and b(O) are
irrelevant, since, for each fiber, propagation of
signals with Input State Of Polarization {(ISOP)
uniformly covering the Poincaré sphere will be
performed. The process of fiber synthesis and
classification, that took 50 hours on a PC, yields
the marginal probability density function (pdf)
of the parameters shown in Fig. 1. We found that
very good analytical approximations of the mar-
ginal densities i) p(Ad,,), i) p(k) and iii} p(yp) are
i} a Maxwellian with mean value {(At); ii) a
Gamma distribution with mean value {AT}/2 and
standard deviation {At)/4; and iii) a uniform dis-
tribution. The dependence of such approxima-
tions, reported with dashed lines in Fig. 1, on {AT}
is a key feature: different sets of fibers with differ-
ent values of {AT) were simulated, yielding exper-
imental evidence that both p(A¢,) and p(k) scale
with the average DGD, while p(9) is unchanged.
Also, the bivariate and trivariate distributions of
(At k, 0}, not reported here, indicate that there
is a very weak correlation among these three pa-
rameters, so that p(Ad,,} p(k} p{@) is a satisfactory
approximation of their joint pdf.

Building SP pdf

We now consider the three-dimensional space of
the parameters (Ad;, &, @), within given parame-
ters intervals, subdivided into equaily spaced cells:
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we consider At € (0,60) ps, k € (0,90) psand ¢
€ (0,180) deg. (see Fig. 1), and divide such inter-
vals in #1440 = 18, n, = 6 and 11, = 6 equally spaced
bins, respectively, hence classifying the simulated
fibers in 648 cells. Each cell is then associated to a
finite probability, determined either as the rela-
tive frequency of synthesized fibers in the cell, or
by integrating the analytical joint pdf given
above. Note that, for {At) = 18.4 ps, the 500,000
simulated fibers belong to 213 such cells only,
hence about 2/3 of the cells are empty, in particu-
far those associated both with large A¢, and large
k values.

Performing extensive simulations of propaga-
tion of modulated signals on many ISOPs on all
half million fibers would take months. We con-
sider 213 representative DRW fibers only, each
picked at chance inside each of the non empty
cells. The transmitted signal is a 128-bit pseudo-
random NRZ signal at 10 Gb/fs, and, for each
fiber, a set of SP values is obtained by propagating
the input signal with 62 different ISOPs, which
provide a uniform coverage of the Poincaré
sphere. The SP histogram of each cell is weighted
by the cell probability, then the whole set of
weighted SP data is used to build the total SP pdf
reported in Fig, 2{a). Formally, ifp(SP|A¢swi, k,
@) is the conditional SP pdf, i.e. obtained from a
particular fiber sample lying in the cell ¢, the
global SP distribution is estimated by the law of
total probability as:

"!A ™ ?lk n,
PSP = 2> p(5p Auky0)Ple) (1)
=1 = =

In Fig. 2(a} cell weights P{c,}-,} are evaluated
analytically from the product-form pdf. Using the
relative frequency of fibers instead gives an SP pdf
that is practically undistinguishable from that of
Fig_ 2(a).

Rotational fibers
The rotational model allows to synthesize a fiber
Miiller matrix with given parameters (Ad, k, ¢)
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Marginal pdfs of the rotational model parameters {Ad,, k, ¢): simulation results (sym-

chosen to fit the matrix of a DRW fiber over a cer-
tain bandwidth. We repeated the whole signal
propagation process on 648 rotational fibers,
whose parameters are chosen in the center of each
cell. The SP pdf evaluated by weighting the SP
data obtained from propagation is alse marked in
Fig. 2(a} as “rotational model”. The good match of
the two curves (DRW fibers and rotational fibers)
has a twofold implication: i) for each cell, the ro-
tational medel yields $P values that well approxi-
mate those of the corresponding DRW fiber, as
verified numerically,” although the parameters of
the rotational fiber lie in the cell center, hence are
not fitted to the actual DRW fiber; ii} the SP dis-
tribution can be realiably evaluated using the ro-
tational fibers, thus avoiding the time-consuming
process of DRW fiber synthesis. Moreover, the ro-
tational model allows synthesizing fibers with
such parameters values, i.e. large A, and large &,
that are too rare to be found in a pool of 500,000
sarnples of DRW fibers, The oscillations present
in the $P pdf curves in Fig. 2(a) are an artifact of
the discrete cell quantization, and get more and
more attenuated as the cell resolution increases.
Note that, given the rotational parameters, we
have an expression of the fitted Muller matrix,
and hence directly of the output intensity, while
given the fitted PMD vector € and its derivative

one can only approximate the output inten-
sity.?

In Fig. 2{a) we also report in dashed line the
SP pdf obtained from synthesized fibers with
first-order PMD only. In this case, the only free
parameter is the DGD, and the same procedure as
above was applied, using 18 synthesized fibers
with equally spaced DGD values At € (0,60) ps.
Note that a first-order PMD fiber corresponds to
k = 0 in the rotational model: in this ca§e,A1(0)) =
A, at any frequency w. The fact that the pdf for
large penalties is larger for the first-order PMD
model is du¢ to the fact that for the worst ISOPs
the SP improves with moderate eigenmodes rota-
tion.” Moreover, higher-order PMD is very sensi-
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(a) pdf of Sensitivity Penalty obtained from: 213 simulated DRW fibers (symbols), 648

synthesized rotational model fibers (solid line), 18 synthesized first-order fibers (dashed line). (b} SP pdfs
for different values of (AT). (c) Outage Probability (P{SP > 3dB}) versus average DGD.
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tive to the modulation format” and the use of RZ
mark pulses instead of NRZ, may change the sit-
uation of Fig. 2(a).

Outage Probability

We define the OP as the probability that SP is
larger than 3 dB. For an average DGD {AT) = 18.4
ps, integrating the pdfs obtained from both DRW
and rotational fibers in Fig. 2(a), yields an OP
equal to 1.5 - 107 and 3.2 - 107, respectively.
When varying (A1}, the process of fibers simula-
tion and classification needs not be repeated,
since we can resort to the analytical joint pdf of
the parameters (Ad,, k. ¢) for the new average
DGD. The same conditional probabilities appear-
ing in' are now associated with a different weight.
Hence, the same conditional SP data, already
available from propagation performed on the
previously selected fibers is re-used. As a conse-
quence, similar statistical oscillations will be ob-
served in the various SP pdfs derived with this
method. Fig. 2{b) shows an example of how SP
pdf varies for {At) = 10, 15, 20 ps. Integrating the
pdfs, we finally get the OP as a function of aver-
age DGD, reported in Fig. 2(c} for both DRW and
rotational fibers. Note that, in a 10 Gb/s NRZ un-
compensated system, an OP = 1075, ie. five min-
utes per year of system outage, is achievable for an
average DGD of about 15 ps.

Conclusions

We proposed a novel semi-analytical technique
for the evaluation of system outage probabilities
in the presence of PMD at all-orders. Such tech-
nique relies on the rotational model for the fiber
Miiller matrix, whose rotational parameters were
statistically characterized. Simulations of propa-
gation can be performed either on a few hundred
selected fibers or on a set of synthesized rota-
tional models, to obtain reliable OF vs. average
DGD curves, with significant gain in simulation
time.
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A fundamental problem in the design of optical
comununication systems is to minimize channel
outages due to the polarization effects. System de-
signers commonly allocate a prescribed margin
to polarization effects, such as 2 dB, with a certain
probability that the margin will be exceeded, such
as 10™°. When this margin is exceeded an outage
is said to occur. Because outages are so rare, it has
been difficuit to obtain them from experiments
or from standard Monte Carlo simulations.
There are three polarization effects that lead to
impairments in long-haul optical fiber transmis-
sion systems: polarization-mode dispersion
(PMD), polarization-dependent loss (PDL}, and
polarization-dependent gain (PDG).'” Since
PMD, PDL, and PDG are slow time effects, it is
reasonable to assume that they can be separated
from the fast effects of nomlinearity and chro-
matic dispersion.® Wang and Menyuk validated
this assumption and proposed the reduced Stokes
model as a tool for the computation of the
penalty induced by the polarization effects in
long-haul transmission systems.* The reduced
model only follows the evolution of the Stokes
parameters and the average power of the signal
and of the noise in each channel due to the com-
bined effects of PMD, PDL, PDG, amplifier spon-
taneous emisston noise, and the gain saturation
of optical amplifiers. Thus, the reduced model
applies when the PMD is not so large that it dis-
torts the pulses within a single channel. We calcu-
late the Q-factor from the signal-to-naise ratio®
using a single fiber realization at a fixed level of
PMD when PDL and PDG are present and when
they are absent, From that, we may determine AQ
(in dB) due to these effects. We note that only AQ
is meaningful since the Q-factor does not contain
the effects of chromatic dispersion and nonlin-
earity. We define the outage probability as the
probability that AQ exceeds an allowed margin.
The reduced model decreases the computa-
tional time of simulations of the polarization ef-
fects by orders of magnitude when compared to
full time domain simulations. Even so, until now
efficient computation of outage probabilities as
small as 107 has only been carried out using mu-
merical extrapolation with a Gaussian function®
to estimate the tails of the probability density
function (pdf) of AQ obtained using Monte
Carlo techniques in combination with reduced
model simulations. In this contribution, we apply
the technique of importance sampling® to resolve
the tails of the pdf of AQ and thereby obtain a
more accurate computation of the outage proba-
bility due to PMD and PDL. In addition, we have
been able to determine the accuracy of the Gauss-
ian extrapolation of the pdf of AQ. Importance
sampling has been recently applied to the study of
PMD emulators’ and intra-channel PMD-in-

duced distortions™ in optical transmission sys-
tems.

To apply importance sampling, we first recalt
that Py, the probability of an event defined by the
indtcator function {(x), may be written as

N

1
P=x 3 Kx)Lx), )

=1

where L(x} = p(x)/p*(x) is the likelihood ratin,
and p(x) and p*(x) are the unbiased and biased
density functions of the random vector x. The key
difficulty in applying importance sampling is fo
properly choese p*(x). For a given channel, we
have found that in order to bias towards large AD)
values, the appropriate parameters to bias are the
angles 0, between the polarization state of the
channel and the polarization state that undergoa2s
the highest loss due to PDL in the n-th optical
amplifier. The optical amplifiers are the main
source of PDL in optical transmission systems. By
biasing cosB,, towards one, we increase the like]i-
hood that the AQ of the channel will be large. The
angles 0, are directly determined by the realiza-
tion of the random mode coupling of the last
birefringent section of the fiber that precedes the
optical amplifiers. Thus, the values of cos6, play
the role of the components of the random vector
x in Eq. (1}. The indicator function I in Eq. (1} is
chosen to compute the probability of having the
value of AQ within a given range, such as a bin in
a histogram. Thus, [ is defined to be 1 inside the
desired AQ range and 0 otherwise. Specifically, we
select cos@,, using the same pdf used in?® flcos,)
= (o/2) [(cosB, + 1)/2], which corresponds to
the unbiased case when o« = 1. With this pdf the
likelihood ratio for each biased angle is given by
L(cos®,) = o™ [(cosB, + 1)/2]' ™. Since the unbi-
ased cosB, are independent, the likelihood ratio
of each realization of the system is equal to the
product of the likelihood ratios of each biased
angle. By varying o we can statisticatly resolve the
pdf of the Q-factor in any desired range.

In order to compute outage probabilities using
the reduced model we must first validate our im-
plementation of the reduced model by compari-
son 1o a full time and {requency domain model
using the Manakov-PMD equation.’® We note
that the importance sampling technique pro-
posed here can also be applied to the full model,
Figures l.a and 1.b show numerical results of the
mean of AQ in dB and its standard deviation, fe-
spectively, as a function of the PDL for each opti-
cal amplifier for the full and the reduced models.
These results are for a trans-oceanic wavelength-
division multiplexed {WDM) system with eight
10 Gbit/s return-to-zero channels spaced 1 nm
apart. The total propagation distance is 8,910 kmn,
with an amplifier spacing of 33 km, and 0.1
ps/km*? of PMD. There is no PDG in this exara-
pte. For the full model the nonlinear coefficient #,
is 2.6  1072" m’/W and the effective area is 80
pm’. The periodic dispersion map consists of one
section of dispersion shifted fiber whose disper-
sion is -2 ps/nm-km at 1550 nm and whose length
is 264 km, followed by a section of single mode
fiber whose dispersion is 16 ps/nm-km and whose
length is 33 km. In both sections the dispersion
slopeis equal to 0.07 ps/ nm?-km. The residual dis-
persion in each of the channels whose central
wavelength is not equal to the zero-dispersion
wavelength is compensated for using symmetric
pre- and post-dispersion compensation. Since the
full simulations require a large amount of cora-
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